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Summary
Magnetic stimulation is a technique that involves exciting nervous tissue in the body 
by passing a rapidly changing pulse o f current through a coil o f wire while the coil is 
in close proximity to the body. The changing magnetic field around the coil results in 
there being an electric field around the coil which includes a small electric field 
within the tissue. This induced electric field causes a voltage to be generated in the 
nervous tissue and the nerve to be excited. Unfortunately, due to the breadth o f the 
electric field profile around a coil, tissue that it is not intended to be stimulated is 
usually excited as well as the intended tissue.
This work presents a novel tri-modular computer program approach to improving the 
focality o f the electric field around a stimulating coil by applying field modelling and 
the mathematical technique o f optimisation to altering the coil geometry. Several new 
coil shapes are suggested and a new shape that is readily buildable using current 
methods -  the Gull-Wing Coil -  is proposed. It is shown that this shape can meet a 
required normalised nerve membrane potential requirement.
The technique o f modelling coils as being made o f infinitesimally thin wire is 
investigated and new validatory results presented.
The novel use o f a T-O Finite Element Method (FEM) formulation to model magnetic 
stimulation coils is reported upon. Results are presented from using this formulation 
in both the frequency and time domains, together with results from combining the 
time domain models with lumped circuit element models o f a stimulating machine. 
New results relating to the issues involved in applying the formulation to stimulating 
coil problems are presented. A method o f running a circuit coupled time domain T-O 
FEM model followed by one run o f a frequency domain T-O FEM model in order to 
obtain the resistance and inductance o f a coil when used with a biphasic stimulator is 
suggested and demonstrated to work.
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1 Introduction
1.1 Background
The therapeutic medical technique known as magnetic stimulation [1] involves 
passing pulses o f  high magnitude electric current through a coil o f metal. The coil is 
held in close proximity to an area o f a human patient’s body and the electric field that 
surrounds the coil, owing to the changing magnetic field around the coil which in turn 
is due to the changing current in the coil, induces small currents within the tissue in 
proximity to the coil. The technique is used to effect current impulses in the nerves in 
the tissue which serve to help patients with disorders o f the neuromuscular system or 
those that benefit from excitation o f sensory nerves within the brain. The act o f  
inducing such current pulses within the body is termed stimulation.
A problem with magnetic stimulation is that the profile o f the electric field around a 
stimulation coil is typically quite broad and nerve structures other than those which 
are intended to be exercised are stimulated. In addition, energy is wasted in the field 
which is concentrated all around the coil rather than in one area. This thesis concerns 
work which is intended to find a novel way to improve the focality o f the electric field 
around a stimulation coil by searching for a more suitable coil geometry.
Background information regarding the biology o f stimulation is presented in 
Appendix A. This chapter begins by discussing some o f the background to magnetic 
stimulation. It then continues by considering the equipment used in stimulation, some 
o f the effects which arise within stimulation coils, the focality o f coils and an 
approach to finding more focal coils. In the next chapter, coil focality is discussed in 
greater depth, particularly with reference to exactly what electrical quantity lies at the 
centre o f focality. This leads to a novel method o f finding new coil geometries being 
proposed. This method relies on two methods o f simulating the electric fields around 
coils and the use o f a mathematical technique known as optimisation.
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Chapters 3, 4 and 5 present the field simulation techniques used in this work in 
considerable detail and introduce some novel aspects relating to the work. Chapter 6 
discusses optimisation at length and shows for the first time how a particular 
combination o f field simulation and optimisation techniques can be used to solve a 
problem involving a magnetic stimulation coil. Finally, Chapter 7 shows how this 
work’s chosen simulation and optimisation methods can be combined to produce 
computer software intended to implement the method o f finding new coil geometries 
presented in Chapter 2. New coil geometries will be presented and field 
measurements will be taken from two shapes to verify that the field simulation 
software is working correctly.
1.2 Magnetic Stimulation
The physical basis for magnetic stimulation lies in the principle o f electromagnetic 
induction which was investigated by and report on by Michael Faraday in 1831. This 
is centred around the observation that a changing current in a wire, or a moving wire 
carrying a steady current, induces a current in a nearby wire. In magnetic stimulation 
a current pulse through a stimulation coil (of around 5 kA in maximum magnitude) 
changes over its duration and induces much smaller currents in body tissue which is 
close to the location where the coil is held.
An alternative to magnetic stimulation is electrical stimulation where electrodes are 
inserted into the body. Magnetic stimulation offers a pain free alternative to electrical 
stimulation since it is able to stimulate tissue below the surface without stimulating 
the pain receptors in the skin at the surface. This is because the pain receptors have a 
higher stimulation threshold [7],
Bickford and Fremming [8] were the first to report magnetic stimulation o f peripheral 
nerves in humans and animals in 1965 and demonstrated the non-invasive magnetic 
stimulation o f facial nerves. However, they were frustrated by their inability to take 
accurate measurements o f the induced electrical behaviour and their work was not 
pursued further.
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Magnetic stimulation was next reported upon by Poison, Barker and Freeston in 1982 
[9] where they discussed the production o f  a magnetic stimulator o f peripheral nerves 
and were the first to record a magnetically evoked muscle potential. This stimulator 
design was then further improved upon on by Jalinous [10].
Perhaps the landmark paper on magnetic stimulation came in 1995 from Barker et. al. 
[11]. In it they described how they had achieved magnetic stimulation o f the human 
motor cortex. Here, it was found that it was possible to position a stimulating coil 
above a patient’s head and, by passing pulses o f current through the coil, cause a 
peripheral part o f the body to move.
Since then there has been a steady stream o f  interest in magnetic stimulation in the 
form o f research publications, development o f therapeutic applications and 
improvements in manufacturing techniques. By today, a number o f companies 
manufacture commercial stimulators including the Magstim Co. Ltd., Neuronetics, 
Medtronic and Neotonus.
The publication [12] offers a good summary o f  the uses o f magnetic stimulation at the 
moment. It may be found that single pulse stimulation systems have a number o f  
applications in the diagnosis o f many degenerative neurological diseases. For example 
transcranial magnetic stimulation has been used in the early diagnosis o f multiple 
sclerosis, central motor disorders and motor neurone disease. Single pulse systems 
have been used for cortical mapping, functional assessment o f  central motor pathways 
and general brain research. Additionally, stimulation has been used to induce speech 
difficulties and brain lesions to investigate brain function [13][14]. Applications o f  
stimulation in peripheral parts o f the body include for spinal injury and the treatment 
of urinary incontinence [15].
Systems involving repetitive trains o f current pulses in the stimulation coil are also 
very useful and the Magstim Rapid2 stimulator is an example o f a machine capable o f  
producing pulse trains at rates o f between 1 and 100 pulses per second. The uses o f  
such a stimulator lie in the field o f  repetitive transcranial magnetic stimulation 
(rTMS). Uses for rTMS include in cognitive neuroscience which includes the 
investigation o f learning, memory, speech, hearing, perception and functional
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connection; in psychiatry including the treatment o f  depression [16] and 
schizophrenia [17], and to influence brain function within the dorsoleteral prefrontal 
cortex; in neurophysiology where it is used in the stimulation o f the peripheral and 
central nervous pathways; and for rehabilitation including muscle recovery and the 
relief o f spasticity.
Despite the successful applications o f magnetic stimulation listed above, the 
technique is not without its problems. Aside from problems associated with the lack 
o f focus o f  the electric field around the coil and the energy wasted in a lot o f the field 
around the coil, other problems exist. Firstly, the stimulation coil heats quite rapidly 
during use meaning that energy is wasted as heat and the coil itself becomes hot. This 
is undesirable for something that is in contact with the body (although a thin plastic 
insulating shell exists around the coil) and places a limit on the duration that repetitive 
stimulation pulse trains may be used for. Some coils have ventilation fans attached to 
them to try and reduce the heating effect during application.
The other main problem with magnetic stimulation is with aspects o f the technique 
itself. Single pulse stimulation is considered to be a safe procedure with little in the 
way o f side-effects [18]. However rTMS is capable o f  producing dangerous side 
effects such as epileptic seizures if  it is not administered in a considered and careful 
manner [18]. Advice for what is a safe dosage for rTMS appears in [18].
Despite the above difficulties, magnetic stimulation has found numerous applications 
where it is successfully and safely used.
1.3 Stimulating Machines
Essentially, other than the patient, three items are involved in the process o f magnetic 
stimulation. These are the stimulating coil itself, a box containing all the electrical and 
electronic components to generate the current pulse in the coil known as a stimulator, 
and a cable to connect the coil and the stimulator together. This section is concerned 
with the two main types o f stimulator.
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The first type o f stimulator, which is the type involved in single pulse stimulation, is 
known as a monophasic stimulator. A simplified circuit diagram o f a monophasic 
stimulator [19] is shown in Figure 1.1. The stimulator includes a large capacitor 
which can be charged, via a separate circuit, to a voltage typically as high as about 3 
kV. When the clinician is ready to discharge the current pulse, the switch is closed 
and current begins to flow into the coil which can be thought o f as a resistor and 
inductor in series. The current through the system can be as high as about 5 kA. The 
current then returns from the coil and passes through the high voltage diode then 
reaches the stimulator’s resistor where the returning energy is dissipated as heat. The 
capacitor is then recharged incase a further pulse is required by the clinician.
A magnitude normalised illustration o f  a current pulse due to a Magstim 200 
monophasic stimulator is shown in Figure 1.2. It may be seen that the current rapidly 
rises to a maximum value then diminishes in magnitude more slowly as energy is 
dissipated in the coil and more so in the stimulator’s resistor. This pulse shape has a 
flat frequency spectrum until about 10 kHz, above which the frequency content falls 
off quite quickly [20]. This is seen in Figure 1.3.
Coil
Figure 1.1 - A simplified circuit diagram of a monophasic stimulator
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Current Pulse Shape of Magstim 200
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Figure 1.2 - The time domain current pulse shape of the Magstim 200 monophasic stimulator
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Figure 1.3 - The frequency spectrum of  a current pulse due to a Magstim 200 monophasic  
stimulator
The stimulator type used for repetitive pulse trains is known as a biphasic stimulator. 
(It should be noted that a typical biphasic stimulator, such as the Magstim Rapid", is 
also capable o f  being set to single pulse mode.) A simplified circuit diagram o f  a 
biphasic stimulator [21] is shown in Figure 1.4. Here, the stimulator consists o f  a 
large capacitor which may be charged to a high voltage; in the case o f  the Magstim 
Rapid" this is 1 700 V. When the clinician closes the switch, the capacitor discharges
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A/W
Figure 1.4 - A simplified ciruit diagram of a biphasic stimulator
into the coil which behaves as an inductor and resistor in series. However, unlike in a 
monophasic stimulator, there is no large resistor within the stimulator (only a small 
residual series resistance and inductance), and the current from the coil flows back to 
recharge the capacitor with the opposite polarity to before. Once the capacitor has 
recharged, it immediately discharges back through the coil, after which the capacitor 
recharges with the same polarity as at the beginning. An electronic switch is then 
opened to end this oscillatory behaviour. The capacitor is then charged to its original 
state. After a short period o f  time has passed which depends on the pulse train 
selected, if the clinician keeps the switch pressed, the next pulse then begins. A plot o f  
one biphasic pulse is shown in Figure 1.5. It may be seen that a biphasic pulse, due to 
its oscillatory origination, is a simple damped sinusoid with a single frequency 
component. The energy lost in the system is from the resistive coil, the connecting 
cable jo in ing  the stimulator to the coil, and the small residual resistance in the 
stimulator.
In a biphasic stimulator, a sizeable fraction o f  the energy initially discharged from the 
capacitor is recaptured by the end o f  the pulse. This has been measured for a Magstim 
Rapid" with a Magstim HP90 coil to be around 48%  [22]. Thus a biphasic system can, 
in a way. be considered less wasteful than a monophasic one where all the capacitor 's  
energy is lost either in the coil, the leads or the stimulator's  internal resistor.
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Single Biphasic Current Pulse
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Figure 1.5 - The time domain normalised current waveform due to a Magstim Rapid2 biphasic 
stimulator
It can be noted that the circuit shown in Figure 1.4 may be described by the following 
second order differential equation:
, cf'i n cli 1 . A
L  . — r -  +  R  1 i  —  O  ( 1 . 1 )
"" dt "" dt C ,
where Rlol -  Rs + /;. and Llol -  Ls + lr . The initial conditions for the circuit are [23]:
/ = 0l/=0
d i
~dt
- K
( 1 .2 )
(1.3)
where V0 is the initial voltage across the stimulator's  capacitor. The above equations 
may be combined when converted into the Laplace domain [23] as:
/ ( , ) = - K
A»/j2 + R«,is + Vq
(1.4)
Richard Hughes 8
Improving The Focality O f Magnetic Stimulation Coils: Chapter 1
This may be expressed as partial fractions and when performing an inverse Laplace 
Transform, the following expression for the current in the circuit as a function o f time, 
assuming the system is underdamped, may be obtained:
exp
(  -R .J ^
sin (cot) (1.5)
Here, co is the system resonant frequency and may be given in radians per second as:
co = 1 R
L C  41lot S  lot
( 1.6)
1.4 The Skin and Proximity Effects
Owing to two electromagnetic effects, the resistance and inductance o f conductors 
carrying current as alternating current are altered when compared to the values which 
they take when the conductors carry direct current. These effects are known as the 
skin and proximity effects and will be examined below.
When a conductor carries alternating current, a changing magnetic field arises around 
the current. This changing magnetic field induces new currents in nearby conducting 
material including the conductor itself. The currents are 90° out o f phase with the 
original current and these secondary currents, which are themselves alternating, 
induce tertiary current which are 180° out o f phase with the original current. These 
effects tend to be strongest towards the centre o f a conductor where magnetic 
coupling is greatest.
The effects within a conductor itself are termed the skin effect since the net current 
through the conductor appears to be pushed towards the outside o f the conductor. This 
effect is illustrated in a circular wire in Figure 4.8 o f Section 4.11 at 4 kHz. At very 
high frequencies, the skin effect becomes very pronounced and only the surface or 
skin o f a conductor appears to conduct at all.
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Current density 
Highest
Lowest
Figure 1.6 -  A model of the current density distribution within two parallel circular conductors  
carrying current at 4 kHz in the same direction
The induction effect described above when the current in one conductor induces 
currents in a neighbouring conductor is termed the proximity effect. Figure 1.6 
illustrates this effect in two circular wires running in parallel and carrying current at 4 
kHz in the same through direction. It may be seen that the proximity effect causes the 
current in the wires to be pushed away from the neighbouring conductor and to 
concentrate at the sides o f  the w ires furthest from their neighbour. Obviously the skin 
effect is also present to some degree in the conductors.
Given that the skin and proximity effects influence how much current is present in 
different areas o f  conductors it should be clear that both the resistance and inductance 
o f  the conductors change when carrying alternating current compared to the case at 0 
Hz when the current distribution will be even across the conductor cross section. The 
resistance with alternating current will be greater than with direct current since the 
through current will be confined to a smaller area. It will be seen later in this work
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that the skin and proximity effects change the resistance and inductance o f  magnetic 
stimulation coils and that these changes are important when making calculations 
involving coil resistance and inductance.
1.5 Focality
As has already been discussed in this work, one o f the greatest problems with 
magnetic stimulation is the lack o f focus o f the electric field around stimulation coils 
and the consequent issue o f mistaken stimulation o f neural structures that were not 
intended to be stimulated. This has been studied by a number o f workers and the term 
focality has been used in the past to refer to the desirability o f the electric field profile 
o f a stimulation coil [24]. A good precis o f the work that has been done on the focality 
o f stimulation coils was given in [25] and this is summarised below together with 
extra comments and the noting o f additional work.
Firstly it can be noted that several workers have attempted to quantify the degree o f  
localisation o f the electric field below a magnetic stimulation coil. Mouchawar et al 
[26], Carabunaru and Durand [27] and Hsu [28] all define quantities which are the 
same as the region in a plane below the base o f a coil over which the magnitude o f the 
electric field falls to o f its peak value. The distance across this region can be
thought o f as the focality o f the coil and may be termed the half-power region.
The stimulation coil reported upon by Barker et al in 1985 [11] was a flat spiral coil 
and further work by others [29][30][26] has found that coils with small diameters 
have more focal field profiles. Nevertheless, the field due to small coils does not 
penetrate so deeply into tissue [31] and therefore the depth below a coil where 
stimulation is desired to take place must be taken into account when attempting to 
design a coil with as great a focality as possible for stimulation to take place at a 
particular depth.
Normally, a standard single spiral coil such as the Magstim HP90 coil is oriented 
during stimulation such that the plane o f the coil is tangential to the tissue surface at
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Figure 1.7 - The current flow in a double spiral coil
the location where stimulation is desired to take place. However, it has been found 
that orienting such a coil so that its plane is perpendicular to the tissue leads to a more 
focal induced field [24] [28]. Nevertheless, this can cause a build up o f electric 
charges to build up at the air - tissue interface which causes the electric field inside 
the body to be less than it would otherwise be [32]. This is discussed in greater length 
in Section 3.10.
In 1988 Ueno et al [33] reported upon a coil design which consisted o f  two flat spiral 
coils placed side-by-side with one another. Here, current was passed along the spirals 
so that it flowed in the opposite direction in one spiral when compared to the other. 
This resulted in the current in the parts o f  the spirals which were closest to the other 
spiral being in the same direction as in Figure 1.7.
Ueno at al found that the maximum current density induced by the double spiral coil 
was located beneath the central area o f  the coil where the spirals’ currents flowed in 
the same direction. This maximum current density was about two to three times that 
in the regions which were not the target for stimulation. Thus it was found that the 
double spiral coil possessed superior focality to the single spiral coil. Cohen at al [34] 
considered the field due to a double spiral coil theoretically. They also found that the 
maximum electric field due to such a coil occurred under its centre and at a clearly 
defined point.
Ueno et al went on to investigate whether the space between the spirals making up the 
double spiral coil had an influence on focality. They found that the closer the spirals 
the greater the ratio o f the peak current density induced beneath the coil when
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compared with the current density in the regions which were not the target for 
stimulation.
Cohen at al also considered the effects o f  tilting the spirals making up a double spiral 
at various angles when compared to the horizontal such that the double spirals looked 
like a V when viewed side on. They found that the focality o f the field due to the coil 
increased with increasing spiral angles from the horizontal. However, although the 
magnitude o f  the electric field immediately below the coil centres was the same 
regardless o f coil angles, it was found that the magnitude o f the field at this point 
contained greater z  components compared to jc and y  plane components with 
increasing coil angle. It was thought that this could alter the coil’s stimulation 
effectiveness.
Esselle and Stuchly [35] reported on a variety o f coil geometries by using an 
analytical coil model o f the electric field induced in a human arm represented as a 
homogeneous cylindrical conductor. They assumed that the activation function, i.e. 
what leads to stimulation occurring, is the size o f the spatial derivative o f the electric 
field in the direction o f a nerve. In their model, the arm had a long straight nerve. 
They modelled the electric field due to a double square coil -  i.e. a coil like the 
double spiral but with squares o f conducting material rather than circular spirals. 
Esselle and Stuchly found that such a coil had a superior focussing o f the activation 
function when the angle between the coil’s square wings was increased.
Roth et al [36] and Esselle and Stuchly [35] both reported on a four leaf coil design 
and again took the spatial derivative o f the electric field as the activation function 
leading to stimulation in a nerve. They found that the four leaved design had a well- 
defined location o f stimulation directly under the centre o f the coil where the ‘leaves’ 
met. Additionally, Esselle and Stuchly suggested that the activation function 
magnitude could be increased by tilting the leaves away from the horizontal plane.
Ren at al [37] presented a coil design based on the shape o f a slinky coil. Here, a 
double spiral coil had five additional spirals added so that the whole structure formed 
a semi-circle and resembled a slinky toy when that is opened such that both ends o f it 
are located next to each other on a floor. The objective o f this ‘slinky coil’ was to
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reduce the magnitudes o f the two side peaks located on other side o f the main electric 
field peak due to a double spiral coil. Ren at al found that the slinky coil design 
resulted in an increased central field peak and reduced side peaks. However, the 
central peak was made broader in the slinky coil design.
In 2001, Hsu and Durand [28] reported on a so-called three dimensional differential 
coil. This shape resembled a slinky coil with only the two horizontal spirals and the 
vertical spiral present. In addition two new spirals were added side-on and in the same 
plane as the vertical spiral. The objective o f this design was to produce a coil with a 
narrower central electric field peak than both the slinky and double spiral coil designs. 
In this respect the design was a success achieving a significantly narrower central 
peak and a half-power region 35% more localised than the double spiral coil; the 
slinky coil in comparison was 16% less localised. However, Hsu and Durand found 
that their new coil design required that the stimulator capacitor be charged to two or 
three times the level required with the double spiral coil for stimulation to take place.
Cohen et al [24][34] also go on to discuss double spiral coils where the spirals have an 
angle between them so that the structure appears as an inverted V when viewed side- 
on. Such coil shapes mean that the coil can ‘curve’ around the skull convexivity when 
the coil is used for cortical stimulation. Cohen et al find that such coils have an 
increased maximum induced electric field when compared to flat double spiral coils 
and can therefore be considered as more efficient. However these angled coils have 
reduced focality due to the increase in influence o f the coil elements away from the 
coils’ central axes.
Lontis et al also considered inverted V coils in their paper o f 2006. Here, two inverted 
V coils were compared to their equivalent flat coils. The coils chosen for comparison 
were the Medtronic-Dantec B70, where the parts o f the loops o f each spiral which are 
closest to the neighbouring spiral are moved inwards compared to a standard double 
spiral coil so that these inner parts are stacked on top o f those o f the neighbouring 
spiral, and a Medtronic-Dantec B80 which is more like a conventional inverted V coil 
except that the wings are wound so that they are not exactly spirals but have turns 
which form a shape more like a cone. This is illustrated in Figure 1.8 and Figure 1.9.
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16°
Wing 1
turns
Wing 2 Skull
turns surface
Figure 1.8 - A vertical cut o f a Medtronic B70 coil above a skull showing the turns making up each 
wing of the coil, the overlap of the wings and the angle of the wings away from the horizontal
Wing
Skull
Wing 2 surface
Figure 1.9 - A vertical cut of a Medtronic B80 above a skull showing the turns making up each 
wing of the coil stacked in a way resembling a cone and the angle o f the wings away from the 
horizontal
Lontis et al used electromagnetic models to evaluate the electric field that would be 
induced in a homogeneous approximation o f  the human cortex by the coils under 
consideration. They found that the B70 coil had a marginally improved focality over 
its flat equivalent coil, but that the B80 coil had a noticeably worse focality than its 
Bat equivalent. They suggested that the causal factors in these results were the actual 
wing geometries and relative positions o f  the w ings.
Lontis et al went on to state that the w idth o f  the main electric field peak below the 
coils was what characterises the spread o f  induced currents below/ the junction 
between the coil wings and is therefore a better metric o f  field localisation than the 
half-power region. Given this, they reported on the w idths o f  the main electric field
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peak below the coils. Here, the B70 had a peak width marginally narrower than its flat 
equivalent. However, both had widths noticeably narrower than the B80 which in turn 
was marginally narrower than the flat version o f the B80. The wing geometries and 
relative wing positions were cited as the significant factors in influencing electric field 
peak lobe width rather than the angle o f bending o f  the coil wings.
In 2001, Al-Mutawaly et al [39] presented work on a proposed new coil shape. This 
resembled a slinky coil where the conductor loop which was at 90° to the plane o f the 
coil base was replaced by three conductor loops. The coil then consisted o f three 
sections namely the three new loops and the sections o f the slinky at either side o f the 
new loops. The electricity supply o f each section could reportedly be independently 
controlled. Al-Mutawaly et al also presented on a version o f this new coil shape 
which had a core o f ferromagnetic material placed through the loops o f conducting 
material making up the coil. They found that the new coil shape without the 
ferromagnetic material, when compared to a flat double spiral coil, had improved 
focality o f magnetic flux density, improved magnitude magnetic flux density at the 
site o f stimulation and greater induced current density when the site o f  stimulation (in 
the upper arm) was modelled using a Finite Element Method program. The coil with 
ferromagnetic material notably improved on the performance o f the coil without the 
material on all three counts.
Finally, in 2006, Kim et al [40] authored a paper in which the focality o f a double 
spiral coil was compared to that o f a double spiral coil with a plate o f copper between 
it and the human head. The focalities o f the coils were assessed using a Finite Element 
Method model o f the human head built up from magnetic resonance data where the 
focality was evaluated as the half power region o f  the electric field induced in the 
head by the coil. The effects o f varying the size o f  a square gap in the plate were 
evaluated. It was found that, with focality measured along a line 40 mm below the 
coil and when the gap in the plate was a 60 mm by 30 mm rectangle below the centre 
o f the coil, the focality o f the coil with the plate was 54% smaller than that o f a 
standard double spiral coil. The mean spiral diameters in all cases were 70 mm.
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1.6 Optimisation and the Approach to Finding More Focal Coils
Perhaps the ideal way o f finding the most focal magnetic stimulation coil for a 
particular situation would be if  it were possible to design a computer program that 
could take a certain target location for stimulation as input and then solve M axwell’s 
equations to come up with a coil geometry as output that would result in stimulation 
at the desired location only. Unfortunately there are two things that make this 
approach impractical.
The first problem is that solving M axwell’s equations in situations where a current 
carrying conductor geometry is already known, and one desires to know what the field 
distribution owing to that geometry is, becomes very difficult indeed for anything but 
the most straightforward geometry and normally requires recourse to some numerical 
technique such as the Method o f Moments or the Finite Element Method. Therefore 
solving M axwell’s equations in an inverse way, like that required for the ideal method 
described in the last paragraph, where one has to go from a desired field distribution 
to a coil geometry that would produce that distribution, is impossibly difficult.
The second problem is that, in 1992, Heller and van Hulsteyn [41] proved 
theoretically that it is not possible, by the superposition o f  any external current 
sources such as the elements o f a stimulation coil, to produce a three dimensional 
localized maximum region o f electric field inside the brain. Thus, the goal o f  
producing stimulation at depth within the brain, whilst not stimulating some adjacent 
tissue in any direction, is not possible to meet by simply choosing a particular shape 
o f stimulation coil if  the electric field is to be the metric o f  whether stimulation has 
occurred.
As a result o f  the two problems described above, the approach to finding more focal 
coil shapes taken in this work is firstly to attempt to find coil shapes that are more 
focal, as quantified by the half power region introduced in the last section, in two 
dimensions. This is o f practical use, and such coils are desirable to clinicians. Thus 
the focality will be assessed in planes below the coil, and coils that are more focal in a 
nominated plane will be determined.
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Figure 1.10 - Overview o f  the optimisation procedure to be used in this work
Secondly, the approach to finding more focal coil shapes will make use o f  the 
mathematical technique o f  optimisation [42]. The exact technique and the method o f  
application to this work will be discussed in Chapters 2. 6 and 7. however the overall 
process can be thought o f  as avoiding the solution o f  inverse Maxwell equations by 
starting with a coil shape then solving an electromagnetic model o f  that coil to obtain 
its electric field profile before making a controlled change to the shape o f  the coil 
before solving another electromagnetic model. This is repetitively done in an iterative 
cyclical manner such that the controlled shape changes drive the coil shape to the 
most focal shape possible. The process is illustrated in Figure 1.10.
As far as has been possible in this work, no previous work has been found in which 
the mathematical technique o f  optimisation has been applied to the task o f  improving 
the geometry itself o f  magnetic stimulation coils in order to achieve a more focal 
electric field profile. Thus, the work to be presented in the forthcoming chapters is 
novel. Nevertheless work has been published in which the term optimisation appears 
in relation to coil geometry. However, upon investigation, either this optimisation 
merely relates to the fact that a coil shape with improved properties is suggested in the
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work (and it does not imply that systematical mathematical optimisation has been 
applied to the task o f  finding new coil shapes) or something other than coil geometry 
in relation to its electric field profile was optimised for. Additionally, other works 
including the term optimisation refer to improving other aspects o f stimulation 
equipment such as the amount o f energy wasted in the process.
For example, Ruohonen et al [43] report on the application o f Rosenbrock’s Search 
Method to the optimisation o f  one limited aspect o f  the geometries o f two coil shapes 
in order to minimise the peak magnetic energy required to achieve a fixed rate o f  
change o f electric field with respect to space. This thesis, however, will present an 
optimisation process in which the focality o f the electric field itself is optimised and 
in addition will allow a target value o f nerve membrane potential to be met, albeit at 
present as a normalised value.
In [44] and [45] Ravazzani et al publish reports that make reference to the 
optimisation o f coils. However, these works are actually reports on how the current 
pulse frequency content in magnetic stimulation affects the skin effect, proximity 
effect and dissipated energy in coils o f certain geometries. In addition, the cross- 
section o f some coil conductors are reported on and the influence o f cross-section on 
skin effect, proximity effect and dissipated energy noted. Also analytical expressions 
are presented for the skin effect in conductors o f round and rectangular cross-section 
together with the proximity effect in round cross-sectioned conductors. Sadly, no 
expression is included for the proximity effect in rectangular conductors such as those 
typically used in most stimulation coils.
The paper o f [46] by Sekino et al makes reference to an optimum current distribution 
in transcranial magnetic stimulation. This work again does not make use o f the 
mathematical technique o f optimisation. Instead, this work makes use o f a Finite 
Element Method model o f the human head to compute the current distribution 
induced in the head due to different sizes o f double spiral coils, coils held at different 
angles to the head and the current magnitudes in the stimulation coils. The results 
include the difference between the induced current density with magnetic stimulation 
as compared to that achieved using electroconvulsive therapy.
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Mathematical optimisation is however used by Onuki et al [47] but not to optimise the 
actual geometry o f a stimulation coil. Instead, they use the genetic optimisation 
algorithm to optimise stimulation using a three coil system where a main coil and two 
sub-coils are located above human tissue. The objective is to be able to use a three 
stimulation coil system to enable magnetic flux to penetrate more deeply into tissue 
than with a single coil. Optimisation is used together with a Finite Element Method 
model o f  tissue to establish the optimal current to be used in the three coils and the 
relative locations o f  the two sub-coils in relation to the main coil so that improved 
induced current density is achieved in a particular tissue location. The paper o f  
Ruohonen and Ilmoniemi [48] takes the concept o f  using multiple stimulation coils 
further by considering large arrays o f up to 37 coils.
The part that optimisation will take in this work will be considered at a high level in 
the next chapter. Optimisation will be considered in detail in Chapters 6 and 7.
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2 The Tri-Modular Approach
2.1 Background
In Chapter 1 the technique o f  magnetic stimulation was described, and it was seen in 
Appendix A that the objective o f  stimulation is to cause the nerve membrane potential 
in a certain area o f  tissue to exceed a threshold value thus generating an ‘action 
potential’ signal in the associated nerve. It was also seen that, at the same time, it is 
important to try and stop unwanted action potentials from being generated in adjacent 
nerves, and the associated concept o f coil focality was discussed.
As was mentioned, the chief objective o f this work is to develop a way o f using 
optimisation techniques to find more focal coil shapes, and the reasoning behind and 
overall structure o f the proposed method are described in this chapter. The chapter 
begins by describing an expression for the potential across a nerve membrane in terms 
o f  convenient quantities relevant to the operation o f a magnetic stimulation system. It 
outlines what the quantities are, discusses the problems associated with obtaining 
some o f the quantities in practical situations, and explains how the expression, 
together with a simpler form that uses assumed values for the problematic quantities, 
can be applied to finding a more focal stimulation coil.
However, there is a very real danger that in combining optimisation with numerical 
techniques o f electromagnetic modelling that a method is developed that has 
unrealistically large computational requirements. Another important part o f this work 
is to find a way around this problem, and this chapter outlines a proposed method. It 
will be seen why focality can be reduced to just considering peak values o f  electric 
field, and that it is best to separate the tasks o f improving focality and meeting a 
required nerve membrane potential level.
This separation results in a proposed solution having three separate computer 
programs, or modules, and this chapter goes on to describes the purpose and 
functionality o f each module. Finally, the chapter ends with a summary o f the novel
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aspects o f  this work, before the subsequent chapters offer a detailed insight into the 
work.
2.2 Expressions for the Nerve Membrane Potential
As was discussed in Appendix A, when determining the efficacy o f magnetic 
stimulation it is necessary to consider the response o f a neural structure to the field 
generated by the stimulation system -  i.e. whether an action potential is triggered or 
not. This response can most conveniently be considered by developing an expression 
for the potential across a nerve membrane in terms o f parameters that describe the 
stimulation system.
2.2.1 An Equivalent Electrical Circuit of a Nerve Fibre
In [49] Davey and Epstein present an equivalent electrical circuit, reproduced in 
Figure 2.1, o f a nerve fibre. The circuit consists o f  a capacitor Cmin parallel with a
resistor Rm{to represent the nerve membrane), which are in series with a resistor 
Re + Rt that represents the resistance o f the axon’s extra and intra cellular space. K  is 
the potential across the nerve membrane itself, while Vjnd is the total potential induced 
at the target stimulation site and is proportional to the electric field at the target site.
Axon’s extra and 
intra cellular space
V W
Re +  Ri
Nerve membrane
Figure 2.1 - Equivalent electrical circuit o f a nerve axon
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The nerve membrane time constant rm = RmCm has been found by Barker et al [50] to 
be approximately 150ps for cortical stimulation.
By analysing the circuit in Figure 2.1, it can be seen that the current through the nerve 
membrane is given by:
< l l )
To obtain the potential across the nerve membrane at a time / , ,  given an initial 
potential Vm= 0 ,  (2.1) can be integrated between the time limits / = 0 and t = tx 
giving:
('■) = ^ Texp ( y 7 r ]  [expf (‘)dl (2-2)
It can also be seen that, if  the resistance o f the axon’s extra and intra cellular space is 
much larger than the nerve membrane’s impedance [49], the current through the 
nerve membrane im( t)  will be directly proportional to the induced potential Vind 
which is in turn directly proportional to the induced electric field at the target site 
E { t ) .
2.2.2 Extending the Nerve Equivalent Circuit Model
To develop (2.2) into an expression for the nerve membrane potential in terms o f  
parameters describing the whole stimulation system, it should first be noted that the 
electric field at the target site is a function o f the rate o f change o f magnetic flux at the 
site, and that that function is directly proportional to the rate o f change o f current 
flowing through the stimulation coil. This can be expressed as:
E ( t)  = k , ^ -  = k2 —  (2.3)
w  1 8t 2 d t
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where kx and k2 are constants o f proportionality, y/ is the magnetic flux, and i is the 
coil current. kx may be treated as a constant since this is equivalent to what is done in 
the derivation of a different expression for the nerve membrane potential in [49] 
which is briefly discussed later in this section. Since dl/ d, is directly proportional to 
*,■%> then k2 is, by implication, also a constant. However in Section 3.10 o f this 
thesis it is contended that treating kx as a constant is not quite correct. Nevertheless, 
since, as will be seen, this does not alter the work that will be produced in this thesis, 
kx and hence k2 will be regarded as constants in the derivation that follows.
Next, it is necessary to consider the equation for the current through the stimulating 
machine. To illustrate the process, the biphasic stimulator described in Section 1.3 
will be used, for which the corresponding current equation is (1.1). By combining
(1.5) with (2.3), and taking the derivative with respect to time, the electric field 
induced at the target site becomes:
exp - R .J
2 Ltot J
- R. sin(<y/) + cos(&>/) (2.4)
where V0, Rlol, Llol and co are as in Section 1.3.
At time t = 0 , (2.4) reduces to the coefficient - k 2V0 / Llol which represents the peak 
electric field E0 . This occurs at the beginning o f the stimulation pulse, before the 
effects o f resistive decay are manifested.
By making use o f im(t)  = k3E ( t ) , then, if  (2.4) is substituted into (2.2), the following 
is obtained:
y „ { t ) = K E a
2R JO .-K .C s
4^ CsL„-ClRl, exp 2L,o, J
sin(&tf) + exp c o s (w f)-e x p - t  )
] _  + EhlC^ - R,«Cs
R„cm c sk
(2.5)
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where Cs is the capacitance o f the stimulating machine. An equivalent expression to
(2.5) for monophasic stimulators can be obtained via a similar derivation process that 
uses non time harmonic terms.
(2.5) is a powerful and useful equation since it expresses the nerve membrane 
potential only in terms o f quantities that describe the electrical properties o f the nerve 
and stimulation system. These are:
• tm, the nerve membrane time constant enumerated by Barker et al.
• Cs , the stimulating machine capacitance, which is a known quantity for a 
particular machine model.
• Rtol and Llol, which are the total resistance and inductance o f the stimulating
machine, connecting leads and coil combination. The resistance and 
inductance o f a stimulating machine and its leads can be measured quite 
easily, as can the resistance and inductance o f a pre-existing coil. However, 
the resistance and inductance o f a hypothetical coil would need to be obtained 
via a modelling technique -  this will be discussed at length later in this thesis.
• co and E0, the resonant frequency and initial peak induced electric field, both
o f which can be measured for pre-existing coils, but would also need to be 
obtained via modelling for a hypothetical coil.
• The constant o f proportionality k3 . This arose from using im ( /)  = k3E ( t ) , and
the constant clearly relates the magnitude o f the membrane current to the 
electric field induced from the coil at the target site. As will be explained later, 
k3 will not be used for the work described in this thesis, and, therefore, no
attempt will be made to gain a deeper understanding o f it beyond a brief 
discussion in Section 3.3. It should be obvious though that, if  one wanted to 
quantify k3, a study o f the tissue at the site o f stimulation would need to be
undertaken, quite likely involving an electromagnetic model o f the tissue. k3
is not, however, a function o f the characteristics o f  the coil or stimulating 
machine themselves.
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In [49], Davey and Epstein present their Equation 16, which is similar in form and 
derivation to (2.5). The chief differences are that their equation for the nerve 
membrane voltage includes terms for the energy delivered to the stimulator/coil 
circuit, the reluctance o f the coil, and the fraction o f the total magnetic flux from the 
coil that interacts with the stimulation site o f interest. No term for the peak electric 
field, or a term directly equivalent to k3 in (2.5) are included.
Davey and Epstein’s equation offers an illuminating insight into the effects o f  
changing various quantities on nerve membrane voltage. In [49] they use the equation 
to outline how the efficiency o f the stimulation process can be improved by judicious 
choice o f parameters. However, in this thesis, it is the focality o f nerve stimulus that is 
o f interest, and some o f  the terms in Davey and Epstein’s equation, notably the flux 
fraction, make the analysis o f focality more difficult than it need be. Therefore, this 
thesis’s work will make use o f  (2.5), which, although based on Davey and Epstein’s 
nerve equivalent circuit, uses a different derivation process to arrive at the nerve 
membrane voltage, and avoids having to consider what fraction o f  a coil’s magnetic 
flux interacts with a target stimulation site.
2.3 Using the Nerve Membrane Potential Expression
In this work, (2.5) will be the equation that forms the basis o f the coil optimisation 
procedure outlined in Chapter 1. Variables that describe the coil geometry will be 
systematically altered and the equation revaluated at each iteration o f  the optimisation 
loop to obtain the nerve membrane potential at several points along a line at a desired 
stimulation depth. Part o f this information will be used to evaluate coil focality, and 
the optimisation process will be explained in detail later in this chapter and in 
Chapters 6 and 7.
The chief difficulty in using (2.5) lies with the fact that in order to quantify the 
constant o f proportionality k3, an electromagnetic model o f the tissue at and around 
the site o f stimulation would need to be solved. This model would likely have to be o f
Richard Hughes 26
Improving The Focality O f Magnetic Stimulation Coils: Chapter 2
a three dimensional finite element type, and its solution would be a lengthy and 
computationally demanding affair.
However, in this work, the main objective is to develop a way to improve the focality 
o f a stimulating coil, and it obviously would be simpler to analyse the focalities o f  
different coils by comparing their performance in a uniform tissue region rather than 
separate tissue regions having different electrical properties. For this reason it is 
intended to develop the optimisation procedure introduced in this work with a uniform 
tissue region as the stimulation target. After this work is complete, the computer 
programs that are produced could be extended so that they couple in some way to full 
electromagnetic models o f more realistic tissue as part o f future work. This means
that, for now, it will be assumed that the tissue in this work’s optimisation process has
!
some arbitrary electrical properties, and that those same properties exist at every point 
along the line at which the nerve membrane potential is evaluated as part o f the 
process. Constant k3 could therefore be chosen to always be some convenient value,
e.g. unity, each time (2.5) is evaluated, and a measure o f coil focality could be 
calculated. As was seen in Section 1.5, earlier researchers have reported coil focality 
in regions having uniform properties -  usually air.
By letting k3 = 1 in (2.5) a normalised nerve membrane potential is thus obtained:
2 K c m- K , c s
V-(t) = E0
4 a c sl ,0, - c I r
exp f - n j '  
2i„„ ,
sin(&tf) + exp r - R , J '  
v 2 £ „  ,
cos (co t)-  exp {— ) 
.. R, P „ ,
1 + R„ C „ -R ,olCs
Rmc . C IS  tot
(2 .6)
It should be noted that, other than time and RmCm = rm« 150/zs for cortical
stimulation, all the terms on the right hand side o f (2.6) relate to the stimulation 
system itself, and will need to be obtained at each iteration o f the optimisation process 
by solving a model o f the system that includes the coil geometry that has arisen at that 
iteration.
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2.4 Modelling the Stimulation System
In Section 2.2.2, it was noted that Rlol and Ltot in (2.6) are respectively the resistance
and inductance o f the stimulating machine, connecting leads and coil combination, 
and that the resistance and inductance o f the machine and leads can be measured 
relatively straightforwardly. However, as was explained in Section 1.4, the resistance 
and inductance o f a stimulating coil carrying an alternating current are influenced by 
the skin and proximity effects, and are therefore dependent on the coil shape and the 
frequency content o f the current that results from using the coil in combination with 
the stimulating machine and leads. As a consequence, in order to establish the 
resistance and inductance o f a coil shape that arises out o f an iteration o f  the 
optimisation process, a computer model o f  the coil, stimulator and leads combination 
must be solved.
Such a model would need to be capable o f representing the distribution o f current 
within the coil’s conductors, the interaction o f the fields due to the current in the 
various sections o f the coil, and the operation o f the circuit formed by the stimulating 
machine, connecting leads and coil. Additionally, the frequencies that arise in a 
stimulation system current pulse are typically less than about 10 kHz, i.e. wavelengths 
greater than about 30 km. These factors suggest that the model should comprise o f an 
electromagnetic model o f the coil structure coupled to a lumped circuit element model 
o f the stimulator and leads. An overview o f different detailed electromagnetic 
modelling techniques is given in Chapter 4 together with an explanation o f why the 
Finite Element Method (FEM) will be the technique used in this work.
2.5 The Approach Towards the Optimisation Process
2.5.1 Background
As was discussed in Section 2.3, the ideal aim in this work would be to devise an 
optimisation process where a set o f variables describing coil geometry were altered at
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each iteration o f the process in an attempt to drive the coil geometry towards a more 
focal shape. The focality would be defined in terms o f  the normalised nerve 
membrane potential, Vmn in (2.6), which would need to be revaluated at each iteration
at several points on the line along which focality was being assessed. Each evaluation 
would require that (2.6) be solved and this would require that an FEM model o f the 
coil coupled to a model o f the stimulator circuit be solved at each iteration in order to 
obtain the required coil resistance and inductance.
In theory there is nothing wrong with the approach described above. However, in 
practise, the approach would be problematical due to the length o f time it would take 
to solve the FEM models. Solving one FEM model could take several minutes in the 
case o f a fairly simple axisymmetric coil shape for which one could use a two 
dimensional model, and this would likely extend to several hours for non- 
axisymmetric shapes requiring three dimensional models, even using advanced types 
o f computers. (For example, the solution o f one circuit coupled two dimensional 
axisymmetric FEM model o f the gull-wing shaped coil seen in Chapter 7 takes some 
23 minutes using the FEM code developed in this work on a Pentium 4 1.8 GHz 
personal computer.) Given that many FEM models would need to be solved over the 
course o f the optimisation procedure, then it could be that many hours or even days 
could pass before a ‘solution’ coil shape would be obtained for a particular problem.
In this work it is desired by the eventual users o f the computer programs developed to 
be able to find more focal coil shapes without regularly encountering such lengthy 
solution times. Therefore, an important goal o f this work is to devise a procedure 
which could still make use o f optimisation techniques to find more focal coil shapes, 
but which limits the use o f FEM models whilst maintaining accurate results. Solution 
coil shapes should be obtained within minutes or a few hours rather than many hours 
or days. The remainder o f this chapter discusses the background to the procedure 
proposed in this work.
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2.5.2 A Closer Examination of Focality
The right hand side o f  (2.6) can be considered to consist o f two significant terms, 
namely the peak electric field, E0, and everything to its right. It is the term to the
right o f E0 which contains the resistance and inductance values, which must be 
obtained by solving an electromagnetic model. If focality is to be assessed by taking 
the ratios o f Vmn at the point along a line at which it is a maximum against Vmn at
other points along the line then calculating focality clearly involves dividing Vmn
values at different points. From (2.6) it can be seen that dividing Vmn values will result
in the elimination o f the term to the right o f  E0 (this term contains no spatially
dependent values if  we accept that RmCm is the same throughout the cortex), reducing
focality to be dependent on the ratios o f different E0 values along the line. This
definition o f focality would agree with the definition used by earlier researchers as 
outlined in Section 1.5.
So, at this stage in our considerations, it would appear that, if we are constructing an 
optimisation procedure to find a more focal coil, we could assess focality by just 
calculating E0 values rather than Vmn values. This would obviate the need to run FEM 
models to obtain coil resistance and inductance, meaning that the reason for running 
the models would be to obtain E0 itself. If it were possible to calculate E0 using a
quicker and simpler modelling method than the FEM then the iterative optimisation 
procedure would be speeded up considerably.
It is the case that the peak electric field E0 at a point around a stimulation coil is
directly proportional to the maximum rate o f change o f current within the coil. Given 
the passive nature o f  the stimulator / coil circuit and that the stimulator and coil are 
resistive, and therefore exhibit gradual energy loss, the maximum rate o f change o f  
current within a coil occurs at the beginning o f the pulse o f current which is 
discharged into the coil -  i.e. as soon as the trigger switch is pressed. Since no current 
is actually flowing in the coil at the instant the switch is pressed, no skin or proximity 
effects are present within the coil at that instant. This means that the resistance and
Richard Hughes 30
Improving The Focality O f Magnetic Stimulation Coils: Chapter 2
inductance o f  the coil could be calculated using a simpler modelling technique that 
doesn’t take skin or proximity effect into account. These values for resistance and 
inductance could then be used in a simple circuit model o f the stimulator and coil to 
calculate the rate o f change o f current at the instant the switch is pressed. A suitable 
modelling technique and the simple circuit model are described in detail in Sections
7.3 and 7.4.
However, even if  the maximum rate o f change o f current within a coil can be 
calculated, then some method is still required to obtain the value o f  the peak electric 
field E0 around the coil. It turns out that earlier researchers have successfully
modelled stimulation coils with known rates o f change o f current as infinitesimally 
thin wires in order to obtain their electric fields. No time consuming FEM modelling 
is required. This is discussed in more detail in Chapter 3.
By combining the above technique to obtain the maximum rate o f change o f current 
with a modelling technique that approximates the stimulation coil as a thin wire, it is 
possible to calculate the peak electric field E0 around a new coil shape without
resorting to using FEM modelling. Therefore it would appear that it should be 
possible to devise an optimisation process to improve the focality o f  stimulation coils 
by defining focality in terms o f E0 and using simpler modelling techniques to model
E0 rather than the FEM required to model Vmn. Such a process would not require
exceedingly long computation times.
Unfortunately, whilst it is reasonable to define coil focality by just considering the 
peak electric field E0 as the earlier researchers have, it must be remembered that the 
objective o f magnetic stimulation is to ensure that a nerve action potential is triggered 
at a certain point -  i.e. that Vmn reaches some specified threshold value. Examination
o f (2.6) reveals that the normalised nerve membrane potential Vmn is zero when t = 0, 
i.e. when the coil rate o f change o f current is at its peak, so no nerve action potential 
can be generated at that time. The first peak in Vnm occurs some time into the duration
of the coil current pulse, and it has been shown in [63] that the largest peak in nerve 
membrane potential with a biphasic pulse is the second peak. Therefore, there is a
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very real danger that in devising an optimisation scheme that iterates towards the most 
focal coil in terms o f E0 that the resulting coil may have resistive and inductive
properties such that Vmn is too small throughout the current pulse to ever trigger an
action potential.
Thus it is important that the optimisation scheme considers not only focality o f  
stimulation but also whether the values o f Vmn obtained with a stimulator / coil
combination are suitable. Unfortunately, this suggests that values o f Vmn would need 
to be calculated at each iteration o f the optimisation process after all, meaning that 
time consuming FEM models rather than the quicker thin wire E0 models discussed
above would need to be solved. In the next section a novel way around this difficulty 
is proposed.
2.5.3 The Proposed Approach
In the previous section it was established that it is reasonable to define focality o f  
stimulation in terms o f the peak electric field around a coil and that fairly quick 
methods exist to model the peak electric field around new coil shapes. This means 
that an iterative optimisation scheme set up purely to find more focal shapes should 
not take an excessive amount o f time or computer resources to run. However, it was 
also established that in order to ensure that the nerve membrane potential due to a new 
coil is large enough to trigger an action potential, an electromagnetic model o f the 
new shape coupled to a stimulator circuit would need to be solved. This suggests that 
it is impossible to devise an optimisation process that doesn’t require lengthy FEM 
models to be solved at each iteration. It could be noted that, even if  the optimisation 
process involved the finding o f the most focal coil for a particular problem then 
increasing the current in the coil until the required nerve membrane potential was met, 
the calculation o f the nerve membrane potential value would still require the 
knowledge o f coil resistance and inductance values which could only be obtained 
from FEM models o f the coil.
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In this work it is accepted that, although an optimisation process involving repeated 
FEM modelling could yield the most optimal coil shapes, such a process with its 
lengthy solution times would be unsuited to the application intended in this work 
given the speed and capacity o f computers available today and likely to be available 
in the immediate future. Instead, an approach is proposed in which the more general 
task o f using optimisation to find more focal coil shapes is separated from the more 
practical task o f using optimisation to answer the question ‘what is a coil shape with 
good focality that meets a required normalised nerve membrane potential level?’ The 
solution based on this approach consists o f three computer programs or modules 
which are outlined in the following sub-sections.
2.5.3.1 The New Shape Module
This is a program which will make use o f an iterative optimisation procedure to find 
new stimulating coil shapes that have improved focality. Focality will be defined in 
terms o f the peak electric field generated by the coil when used with a stimulator, and 
the focality will be measured along a straight line at a distance below the coil 
specified by the program’s user. Thus the program’s design will acknowledge the fact 
that different coil shapes will yield the best focality at different distances below the 
coil. The program will not attempt to calculate normalised nerve membrane potential 
values and, hence, time consuming FEM models will not be used.
The peak electric field values will be calculated using the thin wire coil modelling 
method outlined in Chapter 3. The repetitive use o f modelling during the optimisation 
process should not therefore cause the whole process to take an unfeasibly long time 
to complete.
Whilst the mathematical technique upon which the optimisation process in this 
module will be based -  Simulated Annealing -  is not new [64], its application to the 
problem o f finding a more focal coil and its use with the electric field modelling 
method o f Section 3.8 are new to this work. In this work a way is developed to define 
a set o f variables that describe a coil’s shape so that the variables can be 
systematically altered in the optimisation process, and these variables’ values at each
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iteration used to set up an electric field model. The electric field focality as returned 
by the model is then converted into a measure o f the coil shape’s ‘goodness’ at that 
iteration which is used by the optimisation process to drive the variables iteratively 
towards values that end up at the most focal coil. The background to the optimisation 
process is discussed in Chapter 6, and its application to this work and results obtained 
from its use are described in Chapter 7.
2.5.3.2 The Other Two Modules
Whilst the task o f finding new more focal coil shapes is to be the realm o f the New  
Shape Module, the remaining two modules exist so that a user can find a coil shape 
with good focality that meets a required normalised nerve membrane potential level at 
a certain distance below the coil. Together they are intended to offer a novel way 
around the problem o f having to run time consuming FEM models at each iteration o f  
an optimisation process which has to repeatedly calculate normalised nerve membrane 
potential values.
2.5.3.2.1 The Main Module
This is intended to be the program that a user who wants to find a coil shape with 
good focality that meets a required normalised nerve membrane potential level (Vmn) 
would run most often and is therefore known as The Main Module. A user would 
enter a required Vmn value together with the distance below the coil at which this 
value is required, and the program would then use an iterative optimisation process to 
find the coil shape that can generate the required Vmn value that is also the most focal 
it can find.
Clearly Vmn needs to be calculated for the coil shape that arises at each iteration o f  the 
optimisation process. The way out, proposed in this work, o f the need to run FEM 
models to obtain Vmn at each iteration begins with the definition a set o f ‘basic 
shapes’.
Richard Hughes 34
Improving The Focality O f Magnetic Stimulation Coils: Chapter 2
The phrase ‘basic shape’ refers to the general topology o f a coil and, from amongst 
coils that are manufactured at the moment, examples o f basic shapes would be a 
single spiral coil, a double spiral coil, and a double cone coil, all o f which can be seen 
in [65]. For each basic shape a set o f  size governing variables can be defined, e.g. for 
the single spiral coil these could be the number o f turns, the turn separation distance 
and the radius o f the inner turn. Thus each type o f basic shape can exist in many 
different sizes.
Now, for a particular basic shape type, it should be possible to establish how its
resistance and inductance changes when used with a particular stimulator as its size
governing variables are altered. This could be done by running stimulator circuit
coupled FEM models o f  the coil at several different size variable values and recording
the coil resistance and inductance. Interpolation could then be used to generate
expressions for the coil resistance and inductance values in terms o f the size
governing variables. It could be noted that the resistance o f a HP90 coil changes form
• 28 mQ at DC to 16 m fi at its resonant frequency when used with a Magstim Rapid 
stimulator.
In the Main Module it is proposed to restrict the program to offering solution coil 
shapes from amongst a set o f basic shapes for which resistance and inductance versus 
size variable expressions have been established. The program would work towards a 
solution coil shape by taking each basic shape type in turn, and, using a revised 
version o f the optimisation algorithm from the New Shape Module which was 
restricted to only altering the size variables o f the basic shape under consideration, 
would calculate the most optimal size o f each basic shape in terms o f achieving the 
required Vmn value with the smallest focality. The most optimal size o f  the basic shape
having the smallest focality that met the Vmn requirement would be the eventual
solution coil. The change in a coil’s resistance from DC to AC mentioned in the last 
paragraph is significant enough for it too be felt that just estimating a coil’s resistance, 
rather than using interpolated expressions derived from FEM models, could lead to 
erroneous values o f Vmn being arrived at. This could lead one to believe that the use o f  
a coil would lead to stimulation taking place when in fact it does not or vice versa.
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The field modelling method used in the Main Module would be identical to that used 
in the New Shape Module except that the expressions for resistance and inductance 
versus size variables would be used together with the peak electric field calculation in
(2.6) to obtain Vnm values. Thus the optimiser can work with Vmn values rather than 
just electric field as in the New Shape Module.
This approach to the Main Module has several advantages. Firstly, time consuming 
FEM modelling during the optimisation process is avoided. Secondly, the 
optimisation and field modelling program code from the N ew  Shape Module can be 
re-used with some minor modifications. Thirdly, the user o f the Main Module need 
have no knowledge o f setting up FEM models.
2.5.3.2.2 The Finite Element Module
This is the program that facilitates the finding o f the expressions required for the Main 
Module o f how the resistance and inductance o f each basic shape changes as its size 
governing variables are altered. The program will consist o f a Finite Element 
electromagnetic modeller into which a model o f  a basic shape at a certain size can be 
entered, coupled to a lumped element model o f a stimulating machine circuit. It is 
important that the FEM model be circuit coupled since the circuit will influence the 
frequency content o f the current pulse that will occur in a stimulating coil, which 
influences the magnitude o f the skin and proximity effects, which in turn affect the 
coil’s resistance and inductance.
Using the Finite Element Module will involve entering a mesh and running the 
program for a particular size o f  a basic shape. The model must then be solved and the 
resistance and inductance o f the coil recorded. The user must then repeat this process 
for several different values o f each variable that has been chosen to describe the size 
o f the basic shape. Interpolation must then be used to form the resistance and 
inductance versus size variable expressions required. Clearly this could involve 
having to enter and solve quite a number o f FEM models. However, this should be 
many fewer than would be solved in an optimisation loop that included FEM 
modelling at each iteration. Additionally, once a basic shape and its resistance /
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inductance expressions have been added to the Main Module’s ‘database’ o f shapes 
there will be no need to solve FEM models for any sizes o f that shape in the future, 
thus avoiding potentially solving FEM models for similar coil geometries which may 
arise many times that an FEM based optimiser is run.
Whilst literature exists on using the FEM to model the effects in tissue o f magnetic 
stimulation coil fields, little, i f  anything, has been written on applying the FEM to 
modelling the fields and currents o f the coil itself. Nevertheless it is known that work 
has been undertaken in the University o f Sheffield, UK where a finite element 
formulation known as A-V was used with standard nodal finite elements to model the 
current distribution in a single spiral coil using two dimensional axi-symmetric 
models [213].
In this work, it is desired to use an FEM formulation that allows coil models to be 
solved as efficiently as possible, and that can be straightforwardly applied to 
modelling coils in three dimensions. It is important that the coil models can easily be 
coupled to a lumped circuit model o f  a stimulating machine, and that the models can 
deal with stimulators having biphasic and other pulse shapes. For these reasons it has 
been decided to use aT -O  FEM formulation with edge based finite elements in the 
time domain. Whilst this formulation and element type are not new, there is no record 
o f them having been applied to modelling stimulating coils. Therefore, their 
application to this end and the reporting o f  issues that arose during their application is 
new to this work. The background to and the results from the FEM modelling 
undertaken in this work appears in Chapters 4 and 5. Additionally, it is explained in 
Section 4.9 why it was decided to write an original FEM modelling program for use in 
this work rather than use a commercially available program.
2.5.3.3 The Three Modules Taken Together
Taken together, the three modules represent a solution that allows users to search for 
new more focal coil shapes that meet their requirements without running an 
optimisation program that uses an impossibly large number of time consuming FEM 
models to find a solution.
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The Main Module could be regarded as being a database o f basic shapes that are 
known to have good focality at certain sizes. In normal use it is intended that the New  
Shape and FEM modules would first be used to find a group o f perhaps ten basic 
shapes with good focality and their associated resistance / inductance expressions, and 
then these shapes added to the Main Module database. Less specialised practitioners 
could then use the Main Module to obtain a suggested coil shape /size for their needs 
within a sensible time scale.
In this work it is intended to demonstrate that this tri-modular solution process can 
work. To that end, use o f and results from using the New Shape Module are presented 
in Chapter 7. Also in that chapter the process o f using FEM modelling to obtain 
expressions for the resistance and inductance o f various sizes o f a basic shape 
obtained from the New Shape Module is reported upon. Using that basic shape in the 
Main Module to meet a user’s normalised nerve membrane potential requirements is 
then described.
2.6 A Summary of the Novel Aspects of This Work
The remainder o f this thesis describes the work outlined in the first two Chapters in 
more detail. In summary, the novel aspects o f the work presented in the following 
chapters are as follows:
a) A three program modular method to combine optimisation and 
electromagnetic modelling to search for more focal magnetic stimulation coils, 
and to allow users to search for coils with better focality that meet a required 
nerve membrane potential level. The method avoids the problems associated 
with solving Finite Element Method models at each iteration o f the 
optimisation process.
b) The application o f optimisation to improving the focality o f a magnetic 
stimulation coil by changing its geometry. The work reports on the choice o f  
an optimisation method and develops a way to describe a coil’s geometry 
using a set o f variables. A connection is made between the variables and a 
measure o f focality ‘goodness’, and a means shown whereby that measure can
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be incorporated into the optimisation process. It is shown where 
electromagnetic modelling fits in to the procedure.
c) The reporting o f new coil shape designs obtained from the optimisation 
program. One shape is constructed and experimental measurements are 
presented to verify that its electric field is modelled correctly in the computer 
program and that its field is indeed more focal than a pre-existing coil.
d) A report on incorporating the constructed new shape as a basic shape type in 
the Main Module o f the tri-modular computer program system. This illustrates 
how the tri-modular system works as a complete entity.
e) The use o f the T-O FEM formulation to model magnetic stimulation coils. 
Results are presented from using this formulation in both the frequency and 
time domains, together with results from combining the time domain models 
with lumped circuit element models o f  a stimulating machine. Issues relating 
to time step size are discussed and suitable time step sizes suggested. Vector 
based finite elements are used, and model boundary conditions described. A 
method o f running a circuit coupled time domain T-O FEM model followed 
by one run o f a frequency domain T-O FEM model in order to obtain the 
resistance and inductance o f  a coil when used with a biphasic stimulator is 
suggested and demonstrated in Chapter 5.
f) Data to show the results o f  T-O FEM modelling that illustrate that the 
resistance and inductance o f a spiral stimulation coil change with time when a 
biphasic stimulator is used.
g) The reporting o f results to quantify the difference in electric field values 
generated when a spiral coil is modelled as a coil o f thin wire. Additional 
results are presented to quantify the further error introduced by modelling a 
spiral as concentric loops o f thin wire.
h) As an addendum, in Chapter 8, the results o f an experiment to assess whether, 
in use, coil heating affects the electric field around a coil are mentioned.
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3 The Electromagnetic Modelling of Stimulation Coils as 
Thin Wires
3.1 Background
In Chapter 2 it was mentioned that several earlier researchers have modelled the 
electric and magnetic fields around stimulating coils by approximating them as coils 
o f infinitesimally thin wire. In these cases the current or rate o f change o f current 
through the coil is already known, and the modelling technique provides a 
comparatively simple and computationally inexpensive way to get knowledge o f the 
fields from these quantities.
In this work it is proposed to use an optimisation technique to obtain coil shapes that 
have improved focality. During the optimisation process, new coil geometries will 
arise at each iteration o f the process for which the rate o f change o f current through 
the coil will be unknown. This would seem to suggest that it would not be possible to 
use the thin wire technique to gain the knowledge o f electric field distribution 
required for the optimisation algorithm to establish whether a change in coil geometry 
leads to improved focality or not. However, a way around this apparent difficulty is 
proposed and discussed in Chapter 2 -  the ‘tri-modular’ approach. Both the New  
Shape and Main modules o f the tri-modular approach make use o f thin-wire 
modelling to obtain the electric fields o f new coil geometries for which the peak rate 
o f change o f current has already been obtained using the techniques outlined in 
Chapter 2.
This chapter concentrates on the thin-wire modelling method and begins by 
explaining how the method works with reference to earlier researchers’ work. It 
works through the derivation o f the method’s electromagnetic formulation from 
M axwell’s equations before describing two ways that general coil geometries can be 
represented in three dimensions as thin wires in a computer program.
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When a coil composed of metal that has an actual cross-section is approximated as 
being made o f wire that is infinitely thin, one would expect there to be some error in 
the field obtained from a model using that approximation, particularly if the points at 
which the field is to be evaluated are close to the coil. Although the thin-wire field 
modelling method has been used quite widely by earlier researchers, there appears to 
be no published data that quantifies the error in field values associated with the 
method. Given the reliance o f  this work’s optimisation programs on that method, it 
would be desirable to have justifiable confidence in the values that can be obtained 
from it. Therefore, in this chapter, some work is presented to quantify the errors in 
electric field values that are obtained from both described computer implementations 
o f the thin-wire modelling method
It will be seen that, although one implementation makes a greater approximation to a 
coil’s shape than the other, it can be computationally much faster. This chapter goes 
on to outline the limitations o f the faster implementation and to consider whether it is 
suitable for use in the optimisation work reported later in this thesis.
Finally, when working through the derivation o f the thin-wire method’s 
electromagnetic formulation it will be seen that consideration o f one o f  the terms that 
arises offers a fresh insight into a term in (2.5) in Section 2.2.2. This insight will lead 
to a contention in Section 3.10 that there is a discrepancy in results previously 
published by another research group.
3.2 Electromagnetism and Magnetic Stimulation
Electromagnetic phenomena have been well understood since the nineteenth century 
when James Clerk Maxwell presented his famous equations in complete form which 
included a term for the displacement current density [2]. These equations are 
presented below in differential form appended by the two vector constitutive relations 
required to ensure that there are sufficient equations to solve for the unknown 
quantities:
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V D  = p
V x E = -
V B  = 0
SB
dt
V x H  = J + —
dt
D = sE  
B = pH
(3.1)
In (3.1), p  is the volume density o f free electric charges, D is the electric flux density, 
E is the electric field intensity, B is the magnetic flux density, H is the magnetic field 
intensity, J is the electric current density, e is the material permittivity and p  is the 
material permeability.
At low frequencies, i.e. below about 10 kHz, the second term in M axwell’s magnetic 
curl equation, » may safely be omitted from calculations involving that equation
[3][4] because the density o f  free charges varies slowly with time. This similarity in 
the equation’s form to the direct current case leads to the low frequency situation 
being referred to as the quasi-static state. The quasi-static form o f  M axwell’s 
equations which may be used in solving problems at low frequencies are therefore:
V D = p
V x E  = - —  
dt
V -B  = 0 
V x H  = J 
D = sE  
B = pH
(3.2)
Given that the frequency content o f the current pulses typically used for neural 
magnetic stimulation is less than 10 kHz [5], it will be the quasi-static form o f  
M axwell’s equations which will form the basis o f the techniques that will be used to 
simulate magnetic stimulation coils’ behaviour later in this work.
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3.3 Introduction to Thin Wire Modelling
The thin wire method o f modelling the field around a magnetic stimulation coil 
involves representing the coil as a coil o f  infinitesimally thin wire rather than one 
composed o f wire having an actual cross-sectional size and shape. Perhaps the earliest 
reported use o f the method to model the electric field was in the work o f Roth et al 
[66], where the method is discussed in some detail and applied to calculating the 
electric field induced in a flat tissue surface and a cylindrical volume conductor which 
is meant to represent an arm containing peripheral nerves.
The method is subsequently used by Cohen et al [67] to model the electric field 
around coils o f different geometries, and by Roth and Basser [68] to model the 
electric field in work examining the physics o f peripheral nerve action potentials. It is 
used by Mouchawar et al [69] to investigate magnetic stimulation o f the cardiac 
system, and by Gamham et al [70] to investigate the combination o f magnetic 
stimulation with electrode stimulation.
The slightly simpler form o f  the method needed to model the magnetic field is used 
by De Leo et al [71] in a computer model o f magnetic stimulation o f cortical nerves, 
and by Cerri et al [72] to expand the computer model o f [71] to three dimensions. 
Both the magnetic and electric field variants o f the thin wire method are also used by 
several other researchers, and continue to be regularly used until the present day. Thus 
it can be seen that the method is widely accepted by the magnetic stimulation research 
community.
To understand the method we must first consider M axwell’s equations and their 
associated constitutive relations. When modelling the electric field, it is possible to 
make use o f the fact that B is divergence free and express B as the curl o f another 
vector field A, i.e. B = V x A ,  where A is known as the magnetic vector potential 
[73]. If this is then substituted into Faraday’s Law, the second equation in (3.2), 
manipulation leads to:
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(3.3)
Since the curl o f the parenthesised terms in (3.3) is zero then, because a curl-free 
vector field can be expressed as the gradient o f a scalar field [74], (3.3) can be 
expressed as:
potential function.
From (3.4) it can be seen that the electric field is composed o f two components. The 
first term on the right hand side accounts for the portion o f the electric field that is due 
to electromagnetic induction resulting from the changing coil magnetic field, and the 
second term accounts for the portion due to static electric charges.
As explained earlier, magnetic stimulation occurs at frequencies that are low enough 
for the quasi-static approximation to M axwell’s equations to apply, and the fourth 
equation in (3.1) reduces to Ampere’s Circuital Law, V x H  = J . This, together with 
the facts that the stimulation coils under consideration are composed o f single 
continuous lengths o f conductor, that there is no initial distribution o f static electric 
charges on a stimulation coil, and that the air around a stimulation coil is non- 
conductive, means that the only place in or around a coil where accumulation o f static 
electric charges could occur is within the tissue itself. (The tissue is composed o f  
conductive layers.) This, in turn, means that the static charge term in (3.4) is only 
required if  one wishes to include tissue in the electromagnetic model.
E +
dt
(3.4)
where (j) is the electric scalar potential [75] and (3.4) is known as the electric field
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Given the problems and computational cost associated with fully modelling the 
attributes o f  particular areas o f particular people’s tissue (everyone’s tissue 
configuration is slightly different) and that it is desired to find new coil geometries 
that are generally more focal, it was explained in Section 2.3 that it is not intended to 
run electromagnetic models o f tissue in this thesis. By extension, this means that it is 
not intended to include the contribution o f static charges to the electric field in any 
models. Therefore, in this work, (3.4) can be reduced to:
E = (3.5)
dt
Now the magnetic vector potential, A, at a point due to a coil o f thin wire, as in Figure
3.1 reproduced from [66], can be shown to be [79]:
A = « - 7 f 1
4 n fi A * '  <3 '6 )J r - r
where r is the position vector where A is to be calculated, r’ is the position vector o f  a 
differentially small segment o f the coil, dl* is a vector tangent to the coil at r’, /  is the 
current magnitude in the coil, and p 0 is the permeability o f free space. Taking the
partial time derivative o f (3.6) and combining with (3.5) yields the following 
expression for the electric field due to induction from a stimulating coil represented as 
a thin-wire:
E = - — E l. f-—!—-rf|' (3.7)
dt 4 r^ J |r -r ' |
Thus, so long as the rate o f change o f current through the coil is known, the electric 
field can be calculated using (3.7).
In order for (3.7) to be used more practicably, the continuous integral around the coil 
is normally approximated as a summation o f discrete values. To do this the coil is
Richard Hughes 45
Improving The Focality O f  Magnetic Stimulation Coils: Chapter 3
.C oil
O rig in ,
S o u rce  P o in t
F ie ld  P o in t
Figure 3.1 -  Calculating the magnetic vector potential for a coil of w ire
represented as being composed o f  a large number o f  short straight line segments, 
along each o f  which (3.7) can be more easily evaluated. The total electric field is then 
the vector summation o f  the contribution from each segment [66] [70].
The question then arises o f  how many segments the coil should be split into. This 
depends on the level o f  accuracy required from the coil model, but, for example, in 
[70] a 21 turn spiral coil is said to be modelled using 100 linear segments. That value 
appears to be low. and greater accuracy would be desirable in this work. Therefore, in 
Section 3.7. some work is undertaken to try to establish the segment length that 
should be used to obtain a certain level o f  electric field accuracy from discretised thin- 
wire models.
A difference exists between researchers as to how spiral sections o f  coil are 
represented in thin-wire models. Some researchers, e.g. [69], keep the coil as a true 
spiral which is then discretised into linear segments. Others, e.g. [70]. approximate a 
spiral coil as a series o f  concentric rings, and the field from each is then calculated 
and summed. No discussion appears in the literature as to the accuracies o f  either 
method, and. therefore, in Sections 3.7 and 3.8. the accuracies o f  both methods are 
reported upon when modelling the electric field due to a 14 turn spiral coil.
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3.4 Computer Implementation of the Thin-Wire Modelling 
Technique
Implementing the thin-wire technique as a computer program chiefly involves 
evaluating the contribution o f  each short straight line wire segment to the field. To do 
this, the procedure used by the code developed in this work begins by allocating a 
local coordinate system to each straight segment, as shown in Figure 3.2.
The electric field at the ‘field point’, i.e. the point where it is desired to know the 
field, due to a segment is then given by:
E = - k — ^ L  f (3.8)
d t 4n  I  |r|
where k is a unit vector in the z direction. This formula still contains an integral, and a 
method must be chosen to evaluate it numerically. In this work, the method used is to 
evaluate |rj at the midpoint o f  the wire segment and complete the integration by
multiplying the reciprocal o f  Irl by the segment length. (3.8) therefore becomes:
z
Field Point
* y
x
Figure 3.2 - Calculating the field from a straight thin wire segment
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E=- kf r r L , 3 -9>at 4/r r , ,m idpoint
An alternative would be to evaluate |r| at several points on the wire and combine
these using a weighted average system. However, that approach has been rejected in 
this work since the additional accuracy offered can also be achieved by simply using a 
slightly higher number o f  straight line segments. Additionally, since the current 
magnitude does not vary along the length o f  a wire segment, as is the case in high 
frequency work, the incentive for using a weighted average system for the current in a 
segment that exists in such high frequency work is absent from this work.
Once (3.9) has been evaluated, the field obtained is converted into the global 
coordinate system by projecting the local k  unit vector onto the global system unit 
vectors at the field point and multiplying by the magnitude o f  the field calculated in
(3.9). After this has been done for each straight line segment, the total electric field is 
obtained by vector addition o f  the contributions from each segment.
£2eshFile R ese t the View ijelp
Figure 3.3 - A discretised thin-wire spiral in the graphical interface o f  SeltiQ_3D
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Luckily, a program already existed at Swansea University (SeltiQ_3D) which 
included a graphical interface for entering wire geometries and discretising them into 
straight line segments for use in radio frequency analyses. That program was therefore 
used as a basis in the work that follows to evaluate the accuracy o f the thin-wire 
modelling technique, and routines for undertaking the low frequency electric field 
calculations described above were added to the program using the FORTRAN77 
language. A screenshot o f the program with a discretised thin-wire representation o f a 
14 turn single spiral stimulating coil is shown in Figure 3.3.
3.5 The Electric Field Due to a Thin Wire Circular Loop
Before making full use o f the thin-wire modelling program described in the previous 
section, it was necessary to verify that the program could correctly evaluate the 
electric fields from geometries whose fields are already known. This was done for 
several different geometries including straight lines, polygonal loops and circular 
loops, and a comparison o f the field obtained from a discretised circular loop with the 
analytical solution for such a loop is presented in the next section. This geometry is 
chosen for presentation because, as will be seen later, that analytical solution method 
will prove to have a wider use in this project’s work. In the remainder o f this section 
an analytical solution for the electric field from a thin-wire loop is described.
Finding the magnetic field or magnetic vector potential due to a circular loop o f  wire 
is a problem commonly discussed in book on electromagnetics. Unfortunately, the 
analytical formulae derived therein only apply either when the field point is far from 
the loop, or for field points along the loop’s axis. However, Shadowitz [80] derives an 
expression for the magnetic vector potential, A, anywhere in space due to a circular 
thin-wire loop. With reference to Figure 3.4, this potential is given in the spherical 
coordinate system [81] by:
(3.10)
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Field Point. P
Figure 3.4 - The magnetic vector potential due to a circular thin-wire loop
where
r:2 +(r.  + a)
(3.11)
and (J> is the unit vector in the O  direction at the field point. K  is an elliptic integral
electric field due to induction is the negative time differential o f  A, the electric field 
due to the circular loop is given by:
The only terms in (3.12) which are not straightforward are the elliptic integrals. O f  
course one could obtain values for these from published mathematical tables, but. as 
will be seen later, it will prove to be useful in this work to write a computer program 
to evaluate (3.12) for any size o f  circular wire loop. Algorithms are therefore required 
to solve the integrals for different values o f  A:.
Such algorithms have been described by Carlson [83]. and Carlson. Notis and Pexton 
have written FORTRAN routines to perform the integrals which are publicly available 
as part o f  the SLATEC library. These routines, specifically versions d rf  and drd have
o f  the first kind and E is an elliptic integral o f  the second kind [82]. Given that the
) K
(3.12)
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been used in slightly modified forms to evaluate (3.12) in this work. The 
modifications merely relate to changing the tolerance values at which the iterative 
algorithms stop so as to reflect the accuracy level available from double precision data 
in a 32 bit personal computer processor.
3.6 The Reliability of the Electric Field Obtained from the 
Discretised Thin-Wire Loop Modelling Program
The reliability o f  the thin-wire loop modelling program discussed in Section 3.4 will 
be verified in this section by comparing the results obtained from it when modelling a 
circular loop o f  wire to those obtained by using the analytical formula (3.12) from the 
previous section. To do this, a circular loop o f 50mm radius was entered into the 
modeller, and discretised into N straight line segments o f equal lengths. Assuming a 
rate o f change o f  current o f  lA /s, models were solved using different values o f N and 
hence different segment lengths. Choosing to model the electric field magnitude at a 
point 30mm from the loop’s axis on a plane 30mm below the loop’s plane (this would 
be a typical magnetic stimulation position in relation to a coil), the percentage errors 
in the values obtained from the models compared to the value o f  112.4 nV/m obtained 
using the analytical formula (3.12) are shown in Figure 3.5.
From Figure 3.5 it can be seen that the error between the modelled values and the 
value obtained using (3.12) reduces asymptotically towards zero as the number o f  
segments in the circular loop model is increased. This suggests that the discretised 
thin-wire loop electric field modelling program is working correctly, and is yielding 
reliable results. This was confirmed by performing similar analyses on other shapes as 
outlined at the beginning o f the previous section.
It can also be seen from Figure 3.5 that the accuracy o f the results obtained from the 
modelling program is dependent on the number o f straight line segments used. When 
running other models, it was found that long segments could be safely used in long 
straight sections o f shapes like a square loop o f wire without impacting on accuracy. 
However, in shapes having curved sections, the number o f segments used to represent
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Discretised thin-wire model versus analytical solution
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Figure 3.5 - The percentage error in electric field magnitude due to modelling a circular loop 
using N straight line segments
the curves is clearly important. Care must therefore be taken when using the modeller 
to ensure that accuracy is maintained. This accuracy is discussed in greater detail in 
the next section.
3.7 The Accuracy of the Electric Field From a Thin-Wire Model of 
a Spiral Coil
In Section 3.3 it was seen that the practise o f  modelling magnetic stimulation coils as 
coils o f  infinitesimally thin wire in order to obtain the fields surrounding them has 
been frequently used by earlier researchers. However, no data appears to have been 
published with regard to how accurate this practise actually is. Given that a coil is 
actually composed o f  wire that has a cross-section (e.g. 6mm x l.75m m  in the HP90 
coil produced by the Magstim Co. Ltd. o f  Whitland. UK) and that tissue to be 
stimulated is typically located only some 20m m  - 60mm below a coil, one would 
expect the accuracy o f  the thin wire approximation to suffer somewhat. The next 
section reports on whether that is the case or not when a spiral coil is represented as 
concentric circular loops o f  thin wire. However, in this section, the accuracy o f
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modelling a spiral Magstim HP90 stimulation coil as a spiral o f  thin wire is 
investigated.
Since it is the accuracy o f  representing something made o f  wire having an actual 
cross-section using thin wire that is o f  interest in this section, it will be important to 
try to reduce the error in the thin wire models due to the use o f  straight line segments 
to a very small level. Therefore this section begins by trying to ascertain the number 
o f  segments that would be required to adequately represent the HP90 in the model. To 
do this, representations o f  the coil discretised into N segments along its length were 
entered into the modeller, and preliminary models were solved to obtain the electric 
field magnitude at a point 60mm from the coil 's  axis in a plane 15.5mm below the 
coil 's  plane for different values o f  N. An assumed rate o f  change o f  current value o f  
1 A/s was used in these models. The dimensions o f  the modelled HP90 were based on 
physical measurements o f  an actual HP90. which was found to be a constantly 
tapering spiral o f  14 turns with the centres o f  the innermost and outermost conductors 
at radii o f  34.375mm and 62.125mm respectively. The distance between the centres o f  
ad jacent turns was 1.982mm. The results o f  these models appear in Figure 3.6.
Figure 3.6 shows that the modelled electric field magnitude tends asymptotically 
towards a value o f  2 .9676pV/m as N is increased. Figure 3.7 shows the times taken to 
solve the HP90 models on a computer having a Pentium 4 1.8GHz processor, the only
Electric Field Magnitude at radius of 60mm in plane 15.5mm below HP90 coil 
modelled using discretised thin-wire method
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Figure 3.6 - The electric field magnitude due to thin-wire models of the HP90 having different 
numbers of segments
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Execution time to calculate electric field at 201 points along a straight line 
below a HP90 coil using the discretised thin wire method
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Figure 3.7 - The time taken to solve for the electric field due to discretised thin-wire models of 
the HP90 having different numbers o f  segments
difference being that the electric field magnitude is computed at 2 0 1 points along a 
line in the plane 15.5mm below the coil. This configuration o f  points was chosen 
because that will be typical o f  the type o f  modelling required to ascertain the focality 
o f  coils during the iterative optimisation process that will be developed later in this 
work.
From Figure 3.6 and Figure 3.7 it can be seen that a trade-off exists between solution 
accuracy and solution time when choosing the number o f  segments to use in the 
model o f  the HP90. For the solution to become stable to within four significant 
figures, the solution time for the 201 field points was 1 minute and I second. That 
high level o f  accuracy is desirable for the modelling work in the remainder o f  this 
section. However, whilst that solution time is not excessively long for a model that is 
only intended to be to run once, it implies that the overall solution time could be 
lengthy when many models are solved during an iterative optimisation sequence. 
Perhaps during the optimisation process it would be better o ff  settling for accuracy 
within three significant figures. For the solution to become stable to that tolerance, the 
solution time in Figure 3.7 was 21 seconds. That would be more acceptable and the 
segment length ratio used to represent the curves in the corresponding model was 
70.35pm per mm radius o f  curvature. It is therefore suggested that this segment length
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Figure 3.8 - Electric Field points lying along lines below the spiral HP90 coil
ratio be used to represent curves if discretised thin-wire models are to be used during 
an optimisation sequence. In this section, to obtain results accurate to within four 
significant figures, the results o f  the preliminary models suggest that the HP90 should 
be split into 3500 segments with the segment length ratio used to represent the curves 
being 25.13pm per mm radius o f  curvature.
The Magstini Co. Ltd. was kind enough to supply data relating to the peak electric 
field from a HP90 coil when used with a Magstim Rapid* biphasic stimulator for the 
purpose o f  comparison against modelled results. The data consisted o f  measurements 
o f  the electric field magnitude taken at regular points along lines parallel to the plane 
o f  the coil which were located at distances o f  12.5mm. 20.8mm. 30.8mm, 39.9mm, 
50.0mm and 60.0mm below the coil. This configuration is illustrated in Figure 3.8. 
The measurements were taken w ith an electric field probe using the same apparatus 
used to take field measurements from a new coil shape later in Chapter 7.
To compare the field from a thin-wire model o f  the HP90 to the Magstim supplied
data, knowledge o f  the peak rate o f  change current through the coil w hen used with a 
• ? .
Rapid stimulator will be required. As will be explained in Chapter 7, this can be 
calculated as:
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di
dt peak
vt
L . + L
(3.13)
where V is the potential across the charging capacitor in the stimulating machine, 
and Lk and L are the inductances o f  the stimulating machine and coil respectively. In 
the Magstim data. F = 1530V. and and L were measured using a Wayne Kerr 
6425 impedance bridge to be \ pW and 23//H respectively. Therefore the peak rate o f  
change o f  current would be 63.75MA/s.
To investigate the accuracy o f  modelling a HP90 coil as a spiral o f  thin wire, the 
discretised representation o f  the coil was entered into the modelling program together 
w ith the peak rate o f  change o f  current and solved to give the electric field magnitude 
along the same lines below the coil as the Magstim supplied data. A comparison o f  
the results is shown in Figure 3.9. There is, in general, good agreement between the 
thin-wire results and the measured data. The thin-wire field magnitudes are a little less 
than the measured data for points within about 45m m  o f  the c o i f s  axis, and. beyond 
there, are a little higher than the measured data. This agreement is surprisingly good
Comparison of Thin-Wire Modelled Electric Field Magnitude to Measured Values for
a Magstim HP90 Coil
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Figure 3.9 - A comparison of the results from modelling a HP90 coil as a spiral o f thin wire  
compared to measured electric field values
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Difference between the electric field magnitude from a thin-wire spiral model 
of a HP90 and measured values as a percentage of the measured value
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Figure 3.10 - T he difference between the thin-wire and measured data as a percentage o f  the 
measured data
given how close the field points are to the coil.
Figure 3.10 shows the difference between the electric field magnitude obtained from 
the spiral thin-wire model o f  the HP90 and the measured data as a percentage o f  the 
measured data. As can be seen, for field points at radii between 25mm and 75mm. the 
difference is 5% or less, but. beyond 75mm, the difference becomes consistently 
closer to 5%. fluctuating to a high o f  6 .5% at one point. For radii less than 25m m . the 
percentage difference increases beyond the values at 25mm, and, at 12.5mm and 
lower, the percentage difference increases asymptotically. This occurs as the 
measured electric field magnitude (the denominator in the percentage calculation) 
becomes small, tending to zero at zero radius.
The results obtained in this section give more confidence in the accuracy o f  the thin- 
wire modelling technique than if it were just accepted because earlier researchers use 
it. But. are the larger differences between the modelled electric field and the measured 
data as a percentage o f  the measured data seen at radii below 25mm a problem? For a 
single spiral coil, like the HP90. the answer is no. This is because, although the 
percentage difference is not small, the field magnitude at these radii is low -  very low
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near to zero radius. The focality o f a coil is assessed by examining the electric field 
magnitude along a line below a coil, starting at zero radius and working away from 
the coil’s axis, looking for the largest peak encountered, then finding the radius 
beyond the peak at which the field falls to -3dB o f  its peak value. If there is a 
discrepancy in modelling the field values at radii less than the radius o f the peak field, 
then the calculated focality should not be altered, so long as the discrepancy is not 
large enough to cause a false peak to occur. As can be seen from Figure 3.8, the 
discrepancy is nowhere near that large.
For a coil composed o f several spiral sections, like that o f Hsu and Durand [85], 
focality is assessed by considering a line o f field points below the whole coil. The 
percentage difference issues referred to above with thin-wire modelling at radii below  
25mm under a single spiral would only become relevant if  a field point happened to 
be located at a radius below 25mm in relation to a spiral section. Even then, the 
contribution to the field from that spiral at that point should be low enough for the 
small discrepancy in its value not to cause undue worry.
From the results presented in this section, it can be concluded that the thin-wire 
modelling technique is accurate enough to be used as part o f the coil optimisation 
programs described later in this thesis. These programs were outlined in Chapter 2.
3.8 The Accuracy of the Electric Field from a Thin-Wire Model o f a 
Spiral Coil Modelled as Concentric Circular Loops
In the previous section it was seen that good values for the electric field from a spiral 
coil can be obtained by modelling it as a spiral o f infinitesimally thin wire. However, 
in Section 3.3 it was noted that some researchers have modelled spiral coils by 
approximating them as concentric circular loops o f thin wire. In this section it is 
intended to report on the accuracy o f modelling a spiral Magstim HP90 stimulation 
coil in this way.
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It was also seen in the previous section that modelling a coil o f  the size o f  a HP90 
using discretised thin wires results in there being a need for many straight wire 
segments. This meant that having to calculate the contribution to the field from each 
segment caused the solution time for the model to be not insignificant. However, in 
Section 3.5. an analytic formula was reproduced for calculating the electric field from 
a circular thin-wire loop without having to discretise it into straight segments -  this is 
computationally very fast. Given the potential time saving involved, the electric field 
in the concentric circular loop model o f  the HP90 in this section will be calculated by 
applying the analytic formula to each loop and summing the answers rather than by 
discretising the loops into segments.
To this end a new FORTRAN program was written that allowed its user to specify 
any combination o f  circular thin wire loops and field calculation points in 3D space, 
and would apply (3.12) and the elliptic integral algorithm referred to in Section 3.5 to 
calculate the electric field at each point due to all the loops. The user could specify the 
rate o f  change o f  current through the coil.
Comparison of Concentric Thin-Wire Modelled Electric Field Magnitude to Measured 
Values for a Magstim HP90 Coil
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Figure 3.11 - A comparison of the results from modelling a HP90 coil as concentric circular loops 
of  thin w ire compared to measured electric field values
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Into this program a representation o f the HP90 was entered as 14 regularly spaced 
concentric thin-wire loops, with the inner loop having a radius o f  34.875mm, and each 
remaining loop having a radius 2.05mm larger than its predecessor. The rate o f  
change o f current calculated in the previous section o f 63.75MA/s was used. The 
same field points as were used in the previous section were entered, allowing 
comparison o f the field obtained from this model with the measured electric field data 
provided by the Magstim Co. Ltd. that was described in the previous section.
As can be seen in Figure 3.11, the results from this model are also in good agreement 
with the measured data. At radii from the coil axis less than about 55mm, the results 
are not as close to the measured data as the results obtained by modelling the coil as a 
thin-wire spiral in the previous section. However at radii beyond 55mm, the results 
are in better agreement with the measured data than the spiral model results! This 
analysis is confirmed by looking at the differences between the modelled electric field 
and the measured data as a percentage o f the measured data shown in Figure 3.12.
The improved correlation with the measured data for radii beyond 55mm could be due 
to the error involved in approximating a spiral coil as concentric loops compensating 
for the error involved in approximating a coil o f  wire that has an actual cross-section 
as a thin-wire coil. The same reasoning as was used in the last section can be applied 
when judging the significance o f the percentage figures at radii near the coil’s axis 
seen in Figure 3.12. This suggests that there is no cause for concern. This is borne out 
by the graph o f Figure 3.13 which plots the difference between the electric field due 
to the concentric loop model o f  the HP90 and the measured values as a percentage o f  
the measured peak electric field value on each line. It may be seen that the percentage 
difference is always below 5%.
The results o f the modelling work undertaken in this section suggest that spiral coil 
sections can be reliably modelled by approximating them as concentric loops o f  thin- 
wire. It should be noted that the time taken by the concentric loop modelling program 
to solve for the field at the 174 points needed to produce the plots in this section was 
less than one second.
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Difference between the electric field magnitude from a thin-wire concentric loop 
model of a HP90and measured values as a percentage of the measured value
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Figure 3.12 - The difference between the concentric loop thin-wire and measured data as a 
percentage o f  the measured data
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Figure 3.13 - The difference between the concentric loop thin-wire as a percentage of the peak  
electric field at each line
Richard Hughes 61
Improving The Focality O f Magnetic Stimulation Coils: Chapter 3
3.9 Thin-Wire Modelling in the Remainder of this Thesis
In Section 3.7 it was seen that a good approximation to the electric field due to a 
stimulation coil can be obtained by modelling it as being made o f infinitesimally thin 
wire. In that section, a spiral Magstim HP90 was modelled as a spiral o f thin-wire, 
and similar results have also been obtained, but are not reported in this thesis, by 
comparing the fields obtained from measurements or Finite Element Method (FEM) 
models o f other coil geometries to those obtained from thin-wire models. These other 
shapes include a conical helix and rings o f wire stacked vertically.
Whilst they are relatively fast when compared to models that include the wire cross- 
section, like FEM models, the discretised thin-wire models still have computation 
times that are several seconds long. Given that it is intended to solve many thin-wire 
models in the optimisation programs that are described later in this thesis, the overall 
solution time could become lengthy. There is therefore an incentive, where it is valid 
to do so, to apply the much faster technique used in Section 3.8 o f approximating a 
coil as concentric loops o f thin-wire and using the analytical formula to solve the 
model.
In Section 3.8 it was seen that approximating a flat spiral coil, like the HP90, using 
concentric thin-wire loops gave acceptable electric field values. This has also proven 
to be the case with related coil geometries. For example, in Chapter 7, good 
agreement is shown between measured and coaxial thin-wire loop modelled field 
values for a new coil design developed in this work. That coil design could be thought 
o f as a conical helix whose tapering sides exhibit two changes in the degree o f  taper. 
Furthermore, in Figure 3.14 and Figure 3.15, good agreement is seen between electric 
field values for a helix when modelled as vertically stacked coaxial loops o f thin-wire 
and, using the discretised method, as a helix o f thin-wire. The geometry o f  the model 
is given in Appendix B.
Richard Hughes 62
Improving The Focality O f M agnetic Stimulation Coils: Chapter 3
Comparison of the electric field due to a helix modelled as a thin-wire helix and
concentric thin-wire loops
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Figure 3.14 - The electric field due to a discretised thin-wire model o f a helix and the helix 
modelled using concentric circular thin-wire loops
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Figure 3.15 - The difference between the electric fields obtained from discretised thin-wire and 
concentric circular thin-wire loops of a helix as a percentage of the field from the discretised 
model
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Given the good results achieved with the coaxial loop and analytical formula method, 
and its significant speed advantage, it has been decided to use this modelling method 
during the development o f the optimisation programs in this work. However, 
choosing this method means that the optimisation programs will be restricted to 
considering coil geometries that have sections whose shapes can be approximated 
using coaxial loops in a similar fashion to flat spirals or helices. This does not render 
the remainder o f this thesis an academic exercise. The manufacturing processes for 
stimulation coils are already chiefly geared towards the production o f  coil sections 
that can be approximated as coaxial loops, and there is much interest in whether the 
design o f these coils can be improved without requiring expensive capital outlay on 
radically different manufacturing equipment. Also, after an optimisation approach and 
program code have been successfully developed in this work, they could, as part o f  
future work, be extended to consider more diverse shapes by changing the field 
modelling computer program subroutines from ones using coaxial loops to ones using 
true shape discretised thin-wire representations.
3.10 Static Electric Charges and Magnetic Stimulation
In Section 3.3 it was mentioned that static electric charges accumulate in tissue as a 
result o f exposure to the electromagnetic fields from a nearby stimulation coil. 
Although, as was explained, it is not intended to include charge accumulation in this 
thesis’s modelling work, this section offers a brief description o f  the phenomenon 
before suggesting that, in failing to take it into account, another research group’s 
reported results must contain a discrepancy.
Roth et al [66] and Mouchawar et al [76] explain that the electric field (due to 
induction) around a coil is in the opposite direction to the current flow around the coil 
at a particular time -  this is shown in Figure 3.16. These field lines pass through both 
the air and tissue that surrounds the coil. Now, the air is an insulator but the tissue is 
conductive, and this causes electric charges to flow through the tissue in the direction 
o f the field lines and accumulate at the air-tissue interface as shown in Figure 3.17.
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The static charges that appear at the interface have polarities such that their fields 
oppose the direction o f  the induced electric field around the coil. This means that the 
electric field that appears in the tissue due to the coil is effectively somewhat reduced 
in magnitude. It can also be seen by considering Figure 3.17 that, if the coil were held 
parallel to the air-tissue interface, its induced electric field lines would not cut through 
the interface, and no static charges would be directed along the lines to accumulate at
fCoil
E fie ld
Figure 3.16 -  Electric field direction around a simple coil
Static charge build-up
Tissue
Figure 3.17 -  Static charge accumulation at air -t issue  interface
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the interface. This would mean that the induced field would not be opposed by static 
charges’ fields. Therefore, the orientation o f a coil relative to the air-tissue interface 
has an influence on the electric field that arises in the tissue.
Additionally, Mouchawar et al [77] report that charge accumulation also occurs at the 
interfaces o f regions o f tissue having different conductivities, and it is known that 
many different regions exist within the body, often closely packed in concentrated 
areas such as the brain. Further, the inter-tissue interfaces are in slightly different 
locations for different people, all o f  which suggests that predicting the electric field 
that will arise in a person’s tissue due to a particular coil held at a particular angle is 
far from straightforward. Wagner et al [78] and others are adamant that tissue 
boundary layers do measurably alter induced electric field.
In [66] and [76], the authors include expressions to evaluate the contribution made to 
the electric field at a point in tissue due to the accumulation o f charges at the air-tissue 
interface. However, they make no attempt to take into account the multi-region nature 
o f human tissue and the accumulation o f charges at region boundaries. Later works 
like [71] or [78] that include multi-region tissue models make use o f  equivalent circuit 
or Finite Element Method (FEM) tissue models rather than closed expressions for the 
charges. So, to fully model the electric field that will arise in real tissue requires that 
charge accumulation in the tissue be modelled, and to do this correctly requires that a 
complex model o f the tissue, probably using the FEM, be solved.
Section 2.2.2 introduced an expression for nerve membrane potential, (2.5), which is 
reproduced below as (3.14).
2R.C.-R,„,cx
^4 CSL„  - C X ,
exp
V 2 i „ ,  ,
sin(&>0 + exp ' - K J '
2£„,,
cos (cot) - e x p
K C m
+
(3.14)
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Consideration o f (3.14) reveals that, taken together, the terms to the right o f  k3 relate
to the magnitude, at a certain time, o f the component o f the electric field that arises 
due to electromagnetic induction -  i.e. the first term on the right hand side o f  (3.4). In 
Section 2.2.2 it was explained that k3 is a property o f the tissue at the location being
stimulated, and, in the light o f the discussion in the previous paragraphs, it can be 
seen that it must include the influence on the nerve membrane potential o f the 
component o f the electric field that is due to build up o f static charges in the 
surrounding tissue.
As has been seen, the accumulation o f static charges is dependent on the size o f the 
electric field due to induction. This means that k3 cannot be a constant and that its 
value must vary in some way with the electric field due to induction. If one follows 
the origin o f k3 in (2.5) back through the derivation in Section 2.2.2, it can be seen
that the term kx in (2.3) cannot be a constant, but must vary in some way with the rate 
o f change o f magnetic flux term.
Since was chosen to be constant as a result o f the work o f  Davey and Epstein [49],
it follows that there is a discrepancy in that work. Specifically, Davey and Epstein 
claim to have derived an expression for nerve membrane potential, but, since they 
omit to take static charges into account, the expression is not complete. In the work, 
no mention at all is made o f static charges, and no statement is made that their 
contribution to the membrane potential has been assumed to be constant or 
deliberately omitted for simplicity’s sake. One must therefore presume that Davey and 
Epstein erroneously believe their expression to be complete, and it must be pointed 
out in this work that the values o f nerve membrane voltage that they go on to calculate 
and report cannot be entirely correct.
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4 Finite Element Method Modelling
4.1 Background
In Section 2.53.2.2, it was explained that, as part o f the tri-modular computer 
program approach proposed in this work as a method o f finding more focal 
stimulation coil geometries, a Finite Element Method (FEM) program would be 
required whose function would be to calculate the resistance and inductance o f new 
coil geometries whilst correctly taking into account the skin and proximity 
electromagnetic effects introduced in Section 1 .4. The FEM program would 
implement a detailed electromagnetic model o f the coil, and in Section 2.4 it was 
explained why a detailed model that includes the coil’s interior is required.
This chapter develops the FEM modelling work undertaken during this project, and 
begins by explaining why the FEM was chosen as a detailed electromagnetic 
modelling technique. The chapter then goes on to introduce a chosen FEM 
formulation -  the T -0 method -  and explains why it was selected. Aspects related to 
the accurate and efficient application o f the T-O method to this work are discussed in 
some detail, and the associated frequency domain matrix equations are formulated.
Unfortunately, hardly any literature exists discussing FEM modelling o f the actual 
internal structure o f magnetic stimulating coils. In addition, no literature at all exists 
on using the T -0  method to do this although literature exists illustrating the use o f  
this method for general eddy current analysis such as Rodger and Atkinson [100], 
Carpenter and Wyatt [96], and Preston and Reece [99], Therefore, once it has been 
shown that the FORTRAN based FEM program developed in this work is functioning 
correctly, work is presented to show that, using the particular form o f electrical 
current drive chosen, the T -0  method is capable o f accurately modelling the current 
density within and the magnetic field around a Magstim HP90 coil used with a 
Magstim Rapid stimulator.
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4.2 Computational Electromagnetic Modelling Techniques
4.2.1 Background to Detailed Electromagnetic Modelling
Electromagnetic (EM) phenomena are completely described by M axwell’s equations 
and their associated constitutive relations [2]. Unfortunately, other than in a few  
simple cases, it is difficult or impossible to find closed form analytical solutions to 
problems involving M axwell’s equations, and recourse to some method o f finding an 
approximate solution is often required. In the past, this would frequently involve 
lengthy analytical manipulations, using techniques that were chosen to suit the 
particular problem’s geometry, followed by the use o f a numerical method to solve a 
complicated integral or infinite series. However, as fast digital computers have 
become widely available, more generally applicable, but computationally intensive, 
methods have seen widespread use. The three most commonly used computational 
methods are the Finite Difference (FD) Method, the FEM and the Boundary Element 
Method (BEM).
4.2.2 The Finite Difference Method
In the FD Method, the continuous differential form o f M axwell’s equations are 
converted into a discrete set o f algebraic equations by first placing a regular grid o f  
points throughout and around the space occupied by the bodies involved in an EM 
problem, and approximating the spatial derivatives as differences between quantities 
at adjacent points divided by the distance between the points. Then, if  the problem is 
not a static one, the time derivatives are approximated (after discretising time into 
regular intervals) as the differences between quantities at the same grid point at 
adjacent time steps divided by the time step size. This usually leads, after taking 
boundary and initial conditions into account, to a situation where a matrix equation 
must be solved at each time step to obtain the values o f the quantities being solved for 
at each grid and time point. The values o f the unknown quantities at intermediate 
spatial and temporal points can then be obtained by interpolation.
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The FD Method is well understood and has been successfully applied to a wide range 
o f EM problems with accurate results; however, several difficulties arise. Firstly, it is 
difficult to closely match irregular boundaries using regular grid points without 
resorting to having a fine grid throughout the problem’s domain; this increases the 
sizes o f the matrix equations. Secondly, material interfaces, symmetry conditions, and 
coupling to equations representing external systems are not straightforward to deal 
with. Finally, although accuracy can be improved by using higher order Taylor series 
rather than simple differences to represent derivatives, these series cannot be 
straightforwardly used either.
Owing to the drawbacks inherent in the FD Method, it will not be used for the EM 
modelling described in this thesis, and will not be discussed in greater detail. 
However, the method is comprehensively treated in [53].
4.2.3 The Finite Element Method
This method is again based on electromagnetic equations in their differential form, 
but includes attempts to circumvent some o f the problems associated with the FD 
Method. To obtain an approximate solution to an EM equation involving spatial 
derivatives using this method, one would begin by discretising the space in and 
around the bodies involved in a problem with a mesh o f shapes -  usually triangles or 
quadrilaterals in two dimensional problems and tetrahedra or hexahedra in three 
dimensions. This mesh would generally be o f  the unstructured type -  i.e. it would be 
irregular, which would allow a greater density o f shapes, or elements, to be used in 
regions having a complex geometry.
Then, a system o f ‘basis functions’ are defined on the mesh. These functions, which 
are non-zero in only a few adjacent elements, are typically low-order polynomials. 
The basis functions are used to define an approximation to the required solution 
across the mesh so that, for example, a solution function/ may be approximated as:
/ W - S / ^ ( x )  (4.1)
1 =  1
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where x is a location on the mesh, f  is the value o f the solution function at the i’th o f
n pre-defined locations on the mesh, and N i (x)  is the value o f the i’th o f n basis
functions at x. The n pre-defined locations are normally the comers, or nodes, o f each 
element, although, as will be seen in Section 4.4, this is not always the case. It is the 
coefficients /  that are eventually solved for in the FEM.
Two procedures are then available to obtain the solution function. The process o f  
using variational functionals is explained in detail in [86], but will not be made use o f  
in the finite element modelling work o f this thesis. Instead, the more generally 
applicable method o f weighted residuals will be used. Here, a ‘residual’ is defined, 
which, for a general differential equation L ( / )  = s having a solution function f
differential operator L,  and source quantity s, is r = L ( f ) ~  s . This residual will only
be zero when an approximate solution is equal to the exact solution to a problem. Of 
course, this will generally not be the case and the aim when using the FEM is usually 
to try to set a weighted average o f the residual across the region covered by the mesh 
to be zero.
To this end, a set o f weighting, or test, functions are then defined, and there should be 
as many functions as there are unknown coefficients { f  in (4.1)) to be solved for. If
the weighting functions are chosen to be the same as the basis functions, then the 
method is known as Galerkin’s Method.
The weighted residuals are then set to be zero, and a system o f integral equations 
results. For (4.1), the system o f integral equations would then resemble:
J w, • [ ! ( / ) = i = 1 to n (4.2)
n
where wf is the i’th weighting function and £2 is the domain o f the problem.
Numerical integration schemes, like Gaussian Quadrature [54], together with the 
approximate representation o f  the solution, as in (4.1), are then used to transform the 
integral equations into a system o f algebraic simultaneous equations. This system o f
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equations can then be solved to obtain the required unknown approximate solution 
coefficients. These values can then be used in the approximate representation o f the 
solution to calculate the value o f the solution function anywhere on the mesh.
The FEM is, by now, also a very well established computational method and 
numerous books and papers have been written explaining how the method can be 
applied to various types o f EM problem. Comprehensive treatments are provided in 
[55]-[59] and [211].
When the FEM is applied to an EM problem, any time derivatives are generally dealt 
with in one o f two ways. If a problem is known to be purely time harmonic, i.e. fields 
vary linearly with their sinusoidal sources, the time derivative d/dt  is replaced by ja>,
where j  = V-T and co is the angular frequency. Solving the problem then involves 
following the procedure described above for problems having spatial derivatives. 
Obviously, any solution is composed o f complex numbers in the form o f peak or 
RMS values depending on the source values used.
Alternatively, if  a problem is not purely time harmonic, time is discretised into short 
steps, and the time derivatives are approximated either in a similar way to that used 
with the FD Method, or by representing time itself as a one dimensional FE mesh. 
These methods o f representing time derivatives are discussed in more detail in 
Chapter 5. However, both methods result in a system o f algebraic simultaneous 
equations having to be solved at each time step. Therefore, this time-domain FEM is 
normally much more computationally intensive than the frequency-domain version 
discussed in the previous paragraph.
The FEM has several advantages over the FD Method. Firstly, by allowing the use o f  
an irregular mesh, a greater density o f  solution points can be positioned in areas o f  
complex geometry, and only a few points need be placed in areas o f simple, 
monotonous geometry. This leads to more accurate and computationally efficient 
solutions.
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Secondly, by including the basis functions in the computational procedure, an 
interpolation o f the solution function across the mesh elements is included in the 
process o f finding the value o f the solution at the solution points themselves. This 
leads to more accurate solutions, and, by choosing higher order polynomials for the 
basis functions, the practitioner can further increase accuracy. Often, when using 
higher order basis functions, a less dense mesh can be used to achieve a similar 
solution accuracy as that obtained with lower order basis functions and a denser mesh; 
however, even though this is computationally more efficient, the problem becomes 
more difficult to program.
Thirdly, material interfaces are much more straightforward to deal with. Depending 
on the FEM formulation used, this may involve no more than recording the 
electromagnetic properties o f each mesh element, e.g. relative permeability.
Finally, coupling the EM model to equations representing external systems, e.g. drive 
circuitry, is more straightforward in the FEM than the FD Method. The exact method 
o f coupling depends on the FEM formulation and the nature o f the problem, but this 
issue is discussed in more detail in Chapter 5.
However, the FEM has a few disadvantages in comparison to the FD Method. Firstly, 
the method is more complex to understand and more difficult to work with. The 
method requires some skill when deciding what shape o f  mesh to use, which basis 
functions to use, which formulation is best suited to a problem, how to handle time 
derivatives, and in actually writing the computer program.
Secondly, time domain simulations can take longer with the FEM than the FD 
Method. With the FD Method it is sometimes possible to derive explicit formulae for 
updating quantities at each time step without a system o f simultaneous equations 
having to be solved at each step. In the FEM, this is not generally possible, and time 
domain FEM models therefore require more computer memory and consume more 
processor cycles.
Nevertheless, the advantages o f the FEM are such that it is chosen over the FD 
Method by many practitioners. The FD Method generally is used when simplicity o f
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implementation is important, or when its time domain efficiency can be taken 
advantage of. The latter property most readily applies to EM problems at micro­
wavelengths.
4.2.4 The Boundary Element Method
The Boundary Element Method (BEM) differs from the FD Method and the FEM in 
two important ways. The first is that the underlying EM equations are cast in their 
integral form. The second is that after, making use o f Green’s functions, such as in 
[60], only active material regions or, for magnetically linear materials material 
boundaries, need to be discretised with a mesh o f  points. In high frequency work, a 
form o f the BEM known as the Method o f Moments is used.
The remainder o f the solution process for the BEM is similar to that used in the FEM. 
Typically an approximate solution function is defined using basis functions that exist 
on elements o f the mesh. A residual is defined, and the procedure continues by using 
weighting functions to ensure that a weighted average o f the residual across the mesh 
is zero. Again, a set o f algebraic simultaneous equations arise which must then be 
solved. Detailed accounts o f the BEM appear in [56][61][62].
The BEM has several advantages when compared with the FD Method or the FEM. 
Firstly, only boundaries need to be discretised and included in the models. This is 
particularly useful in large three dimensional problems, and in problems having large 
expanses o f linear material.
Secondly the BEM readily deals with the open outer boundaries o f problems. These 
cause problems in the differentially based methods, where special techniques have to 
be employed so that errors do not occur due to the mesh abruptly ending. This will be 
discussed in more detail in Section 4.3.
Thirdly, the fields obtained as solutions to problems using the BEM are generally 
smoother than those obtained from the differential methods. This implies that there 
are not localised zones where the solution is quite inaccurate.
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Finally, techniques exist to represent wires as thin wire approximations which are 
discretised along their length rather than their surfaces being discretised. This leads to 
further efficiency savings in computational costs.
However, there are a few drawbacks to the BEM. Firstly, the system o f simultaneous 
equations that must be solved leads to a full matrix expression. The differential 
methods have sparsely filled matrices and these can conventionally be solved with 
less computational effort. Therefore a practitioner must weigh-up the relative merits 
o f the BEM’s small mesh but full matrix against the differential methods’ larger mesh 
but sparse matrix. However, with the rise in multi-core processors and hence in 
parallel processing, the BEM may gain an advantage since this type o f  processing can 
handle full matrices more efficiently. Secondly, the BEM tends to lead to singular 
matrices and matrix ill-conditioning [212].
Thirdly, since the BEM only consists o f a mesh on the boundaries within a problem, it 
is therefore ill-suited to problems containing volumes o f non-linear materials [212].
4.2.5 The Choice of a Detailed EM Modelling Technique
Sections 4.2.2 - 4.2.4 summarised the three main computational methods used to 
model electromagnetic problems. A choice must therefore be made o f  which o f the 
three methods is the most appropriate to make use o f in the EM models o f  the 
stimulating coil structures that will arise during the optimisation procedure described 
in this thesis.
The method chosen must be able to model the interaction o f the fields due to the 
current in the various sections o f the coil and correctly model the skin and proximity 
effects, described in Section 1.4, that occur at the frequencies that are likely to arise 
within the coil. The BEM, since it has difficulties in modelling problems containing 
volumes o f non-linear material and it may be desired to include such material in the 
problems to be solved using this work’s chosen EM method at some stage in the 
future, it was decided that the BEM would not be chosen for the EM modelling work
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o f  this work. An additional reason was because o f the dense matrices associated with 
the BEM. A differential method like the FD Method or FEM must therefore be used.
It is also important that the method chosen should allow the model to be easily 
coupled to a circuit model o f the stimulating machine and connecting leads, and that 
the regions o f conducting and surrounding materials that make up the EM model can 
be easily joined together. Also, since the coils are expected to have several turns and 
that it is important to be able to model the activity at depth in each o f  these turns in 
detail, it is likely that a sizeable mesh o f  points will be required. It would therefore be 
useful to be able to take advantage o f the FEM’s facility for having irregular meshes 
and basis functions between mesh points in order to make the process o f computing a 
solution more accurate and efficient. For these reasons the computational method 
chosen for the full EM models o f  the coils in this work is the FEM.
4.3 The Choice of Finite Element Method Formulation
Given that it has been decided to use the FEM for the detailed EM models that will be 
solved in this work, the question then arises as to which differential equation or 
equations should be used in conjunction with the method. This may, at first, seem 
obvious since Maxwell’s equations in differential form together with their associated 
constitutive relations could indeed be used [87]. These equations were introduced in 
Chapter 3 and are reproduced below.
V D = p
V x E  = - —  
dt
V • B = 0
jSTA
V x H = J + —  (4.3)
dt '
D = sE  
B = //H  
J = nE
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Since Maxwell’s equations specify the divergence and curl o f the electric and 
magnetic fields [88] and, according to Helmholtz’s Theorem [89], vector fields are 
determined to within an additive constant if  their divergence and curl are specified 
everywhere, unique solutions can be obtained to EM problems formulated using 
Maxwell’s equations if  appropriate boundary and initial conditions are applied to 
these fields. Suitable boundary conditions are discussed in [90].
Nevertheless, solving systems o f  multiple coupled equations having several variables 
can be difficult using the FEM [91], and, over the years, practitioners have derived 
more convenient formulations from M axwell’s equations. Some o f these involve 
deriving a wave equation from one o f M axwell’s curl equations by differentiation and 
substitution, so that one is left with a single equation in which the only remaining 
vector quantity is the electric or magnetic field, which is then solved for. The wave 
equation is sometimes recast into two equations so as to remove the double curl 
operator that arises in the single equation form. Wave equation formulations are 
described in [92].
Potential based formulations are also commonly used. These typically begin by using 
vector identities and substitution to recast one o f M axwell’s curl equations into a form 
where the electric or magnetic field is expressed as equivalent to the sum o f  two 
potential functions -  one a vector and the other a scalar. For the electric field this 
would follow the same process as was used to obtain (3.4) in Section 3.3. Then, 
M axwell’s other curl equation is used together with the constitutive relations and a 
vector identity to eliminate the fields from the formulation entirely. This is shown in 
detail later in this section. One is then left with a formulation containing only material 
properties and the vector and scalar potentials which are then solved for. A commonly 
used EM FEM formulation is the A-V formulation using the magnetic vector and 
electric scalar potentials. Potential based formulations are explained in [93].
Other types o f formulations also exist, for example some require solving for a mixture 
o f field and potential terms. Also, it can be convenient to use different formulations in 
different regions o f  a model, and coupling techniques are then required to 
mathematically join these regions. An example o f a formulation involving the 
magnetic field and a magnetic scalar potential at frequencies similar to those 
encountered in this work appears in [94], and a good survey o f potential based
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formulations together with the coupling o f formulations in different regions exists in 
[95], again at frequencies relevant to this work.
Choosing which formulation to use involves considering a number o f factors. These 
include the number o f variables that must be solved for, the computer memory and 
processing demands o f the formulation, how easily the formulation can be 
implemented as computer code, how numerically stable the formulation is, how easy 
it is to implement boundary and initial conditions, how efficiently any pre or post 
processing routines related to the input and output from the model can be 
implemented and how easily the FEM model can be coupled to external lumped 
element electrical circuit models.
In this work it has been decided to use a potential based formulation most often 
known as the T -fl method, but also referred to as T -0  so as to avoid confusion with 
the Q  label commonly used to refer to the spatial domain o f a model. Slightly 
different forms o f the formulation will be used in conducting and non-conducting 
model regions, and careful coupling will be required between them. The formulation 
will first be described and then the reasons for choosing it given.
The T -0  method was first introduced by Carpenter and Wyatt [96] and was 
subsequently further elucidated upon by Carpenter [97], Preston and Reece [98][99], 
and Rodger and Atkinson [100] amongst others. Its original application was in 
modelling eddy-currents that would be induced in conductive sections in machinery 
such as generators that operate at fairly low frequencies where the quasi-static 
approximation to Maxwell’s equations, discussed in Chapter 1, apply. These 
conductive sections would not be primary carriers o f  current through the machine, so 
any currents in them would be o f the secondary induced eddy type. Derivation o f the 
formulation begins with the quasi-static from o f M axwell’s equations together with 
their associated constitutive relations which are reproduced below:
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V x H = J
V x E  = - —
dt
V«B = 0 (4.4)
V*D = p  
J = crE 
B = //H
Now, the principle o f conservation o f electric charge is expressed mathematically by 
the equation o f continuity:
V-J = -■§£ (4.5)
dt
However, since, as was discussed in Section 3.2, under quasi-static conditions
displacement currents may be omitted from calculations, (4.5) reduces to:
V .J  = 0 (4.6)
The divergence free nature o f J means that it can be expressed as the curl o f another 
vector, T say, such that:
J = V x T (4.7)
Substitution o f (4.7) into M axwell’s magnetic field curl equation yields:
V x H = V x T (4.8)
V x (H -  T) = 0 (4.9)
Since a curl-free vector field can be expressed as the gradient o f a scalar field, (4.9) 
implies that it is possible to introduce a scalar quantity, O, and say:
H -  T = -V O  (4.10)
H = T -  VO (4.11)
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Thus, (4.11) expresses the magnetic field H as the sum o f two potential functions 
namely T, the electric or current vector potential, and O, the magnetic scalar potential 
[99]. It should be noted that T could be chosen to have an arbitrary divergence.
Then, from M axwell’s electric field curl equation, substitution o f the constitutive 
relations yields:
Also, Maxwell’s magnetic flux density divergence equation, after substitution o f  the 
constitutive relations and (4.11), gives:
Equations (4.14) and (4.17) are the governing equations o f the T -0  method, and 
represent the two equations which are solved simultaneously to give the values o f  the 
two unknowns T and O throughout a problem’s domain. It should be noted that in 
non-conductive regions, where the magnetic field is entirely curl-free and can be
[101], which means that only a reduced form o f (4.17) needs to be solved there:
(4.12)
dt
(4.13)
Combining (4.7), (4.11) and (4.13) then yields:
(4.14)
V»B = 0 
V v/H  = 0 
V »//(T  -  v o )  = 0
(4.15)
(4.16)
(4.17)
represented purely as the gradient o f a scalar potential, T can be assigned a zero value
(4.18)
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Thus, making use o f  the T-O method in this form first involves defining one or more 
conductor geometries which do not carry through current surrounded by a non­
conducting zone such as air. A time-changing magnetic field would then be defined 
around the periphery o f the non-conducting zone as values o f the magnetic scalar 
potential. The problem could then be solved as a boundary value problem to obtain 
the values o f ® and, in the conductors, T that would arise within the problem’s 
domain. These values could then be post-processed to obtain other values, for 
example the induced eddy-current density vectors in the conductors by taking the curl 
o f T as in (4.7). Typically the boundary values o f  ® would arise from knowledge o f  
the magnetic field due to conductors carrying through current which would be beyond 
but in the vicinity o f  the T-® geometric domain.
Boundary conditions would also need to be defined on the boundaries between the 
conducting and non-conducting zones within the T-® domain. These inner boundary 
conditions follow from the implications o f M axwell’s equations with respect to the 
magnetic field [90] and are that the normal component o f pH is continuous across the 
boundary and that the tangential component o f H is discontinuous by an amount 
corresponding to any surface current on the conductor. The first condition would 
normally be enforced via a particular choice o f finite element discretisation. To 
understand the second condition, one must first appreciate that surface currents can 
only exist on ideal perfect conductors or superconductors [102], and that, for almost 
all physical media, the tangential component o f H would be continuous across the 
conductor’s surface. In the T-® method this continuity would be ensured by choosing 
a finite element discretisation such that -V ®  was tangentially continuous and by 
forcing the tangential component o f T to be zero at the conductor surface since T 
would be zero in the non-conducting zone. Finite element discretisation will be 
discussed in the next section.
The main advantage o f the T-® method is that it has been shown to be 
computationally very efficient whilst maintaining a high level o f accuracy [103]. This 
computational efficiency arises chiefly because only the magnetic scalar potential 
must be solved for and stored in computer memory for non-conducting regions rather 
than a multi-component vector quantity, as would be the case with a field based 
formulation or the A-V potential based formulation referred to earlier. A comparison
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o f the accuracies and efficiencies o f various formulations suited to eddy-current 
analysis appears in [103].
The comparative efficiency o f the T -0  method led researchers to investigate whether 
it could be extended from a method which allows one to model the secondary currents 
induced in conductors due to external magnetic fields, to a method that can 
additionally model the secondary currents that would arise in conductors due to one or 
more o f them carrying prescribed amounts o f primary through current. This would, 
for example, allow one to model the skin and proximity effects that arise in current 
carrying conductors that were discussed in Section 1.4. The main difficulty in 
extending the method is that having to enforce the tangential component o f T to be 
zero at the conductor surfaces also has the effect o f enforcing the net through current 
in the conductor to be zero [104]. Several techniques were initially suggested to 
circumvent this problem such as those in [105] and [106], but these were problematic 
to implement. A much more successful approach was later developed, and this was 
proposed, seemingly independently, by Nakata et al [107] and Biro et al [104].
The approach o f Nakata et al and Biro et al is to split T into two components:
T = Ts + Te (4.19)
such that:
H = T, + Te -  VO (4.20)
Ts is effectively the input to the model, is defined across the whole o f the model’s
spatial domain, must be calculated before starting to solve the model, and is a 
magnetic field pattern that ‘could’ arise due to the conductors carrying the prescribed 
amount o f through current at some randomly chosen frequency. This is normally 
chosen to be the magnetic field due to the conductors carrying the prescribed current 
as direct current since this is relatively inexpensive to calculate. The problem then 
becomes one o f solving for Te -  VO which, given the boundary conditions described 
below, is effectively a corrective magnetic field representing the difference between 
the Ts magnetic field and the magnetic field that would arise with the conductors
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carrying the prescribed through current and associated induced secondary currents at 
the true frequency o f operation. The final ‘true’ magnetic field is then obtained by 
summing all components as in (4.20) and may be post-processed as required to obtain 
quantities such as the current distribution across the conductor cross-sections.
The above approach has the advantage that it retains the main strength o f the original 
T-O method in that only the scalar O must be solved for in non-conducting regions 
and Te is confined to regions where the H field can have curl -  i.e. the conductors.
The tangential component o f Te can safely be set to zero on conductor surfaces since
that merely imposes the condition that the total o f the distribution correcting currents 
and induced secondary currents at the true frequency o f operation through a conductor 
are zero; it is Ts that imposes how large the total through current is.
The governing equations o f this revised form o f the T-O method are in conducting 
regions:
v  X11 V  X (T. + T,)1 = + T, -  V<D)
<J ) dt
(4.21)
and
dt
V .//(T J + Te -  V<I>) = 0 (4.22)
and in non-conducting regions:
— V ./i(T s - V O )  = 0 (4.23)
dt
These governing equations arise from substituting (4.19) into (4.14) and (4.17) taking 
into account that Te only exists in conductors. A slight difference between the revised
T-O method and its original form is the taking o f time derivatives in (4.22) and(4.23). 
This is done to maintain the symmetry o f the eventual discretised finite element 
equation system given that the time derivative o f Ts appears by necessity in (4.21) 
[108].
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The boundary conditions in this formulation are:
—(V x T e) x n  = 0 o n f E (4.24)
^ ( T S + T e - V ° ) # n  =  0  0 n r E
Te x n = 0 °n Tcn 
0  = 0 on d (Q c+Qn)
O and p  (Ts -  VO)»n are continuous on Tcn
(4.25)
(4.26)
(4.27)
(4.28)
where n is an outwardly directed unit vector normal to a conductors surface at any 
point, Te are the end faces o f conductors where through current enters or exits, r cn 
are the surfaces o f conductors (where the conductive material meets the surrounding 
non-conductive material), and 3 (Q c+£2n) is the far outer boundary o f the space 
included in the model.
(4.24) is required so as to impose the condition that there are no surface secondary 
currents on the end faces o f the conductors (a similar condition for the through current 
will have been imposed when calculatingTs). (4.25) ensures that the normal 
component o f //H  is continuous on the conductor end faces. (4.26) ensures that H is 
tangentially continuous across conductor/non-conductors boundaries since Te is zero 
in non-conductors, Ts is tangentially continuous by prior calculation, and -V O  is
ensured to be tangentially continuous by selection o f the finite element discretisation. 
(4.27) is a Dirichlet boundary condition [109] that ensures that the model is physically 
realistic by setting the magnetic scalar potential to zero at the outer far boundary o f  
the model. (4.28) ensures that the normal component o f  //H  is continuous across
conductor/non-conductors boundaries given that Te is zero in non-conductors.
These boundary conditions serve to ensure that any solution obtained from using the 
T-O formulation is physically realistic by ensuring the uniqueness o f the magnetic 
field which can be obtained using the potentials involved in the method from (4.20). 
To ensure the numerical stability o f the method it is also necessary to ensure that the
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potentials themselves are unique. The uniqueness o f the scalar potential in the T-O 
method is ensured up to a constant value, so long as the magnetic field is unique [110] 
-  the constant value is fixed by virtue o f the boundary condition (4.27). However, 
although the curls o f Ts and Te are fixed by virtue o f (4.19) and (4.7), their
divergences are not, and they are therefore not uniquely defined. To remedy this, any 
divergence can be chosen at will without affecting the physical problem in a process 
known as gauging [110]. Several gauging methods exist for vector potentials 
including the Coulomb, Lorentz and Diffusion gauges [111]. In this work it will prove 
most convenient to partly implement the Coulomb gauge, namely:
V»Te = 0 (4.29)
since the finite element discretisation chosen for Te can be made intrinsically 
divergence-free within elements. However it should be noted that this discretisation 
will not enforce the divergence-free condition between elements. Ts will be 
divergence free by calculation.
The main advantage o f the T-O formulation, namely its computational efficiency, has 
already been discussed. Another advantage o f the method is that it allows one to 
define the through primary current in conductors as the starting point for calculating 
Ts. This means that the input to the method can be thought o f as the through current,
which makes it relatively easy to couple FEM models that use this formulation to 
external lumped parameter electrical circuit models in terms o f the current. This will 
prove useful when coupling FEM coil models to stimulating machine circuit models 
in this work -  the coupling is discussed in the next chapter. It would also prove useful 
if  the FEM models were used to investigate the effects o f sending different current 
pulse shapes through coils, although that study will not be undertaken in this work. 
Due to these advantages it has been decided to use the T-O formulation as the basis o f  
the FEM models in this work.
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4.4 The Choice of FEM Basis Functions
In Section 4.2.3 it was explained that basis functions must be defined on an FEM 
mesh and are used to construct the approximate solution across the mesh to the 
function being computed as summarised in (4.1). Normally, basis functions are 
associated with the nodes o f elements and are typically low order polynomial 
functions, often linear functions. For example, for a two dimensional mesh, elements 
will usually be chosen to be triangular or quadrilateral, and triangular elements would 
have linear basis functions like those in Figure 4.1.
It will be seen that the nodes have numbers which are local to the element and local x- 
y and coordinate systems are defined within the element whose relationship is 
defined in [112]. The basis functions are then defined in terms o f § and r\ as:
N , = \ - Z - r i
N 2 = Z  (4.30)
N 3 = tj
Across the whole element:
N x+ N 2 + N 3 = \  (4.31)
Thus each node, /, o f  the element has an associated basis function, N f, which is unity
valued at node / and zero at the other two nodes. The global basis function associated 
with node i , for use in (4.1), is obtained by the summation o f the local basis functions 
associated with that node in adjacent elements. Clearly, care has to be taken within the 
computer program implementing the FEM to correctly convert the local node 
numbers from each element to global numbers for use in (4.1).
Nodal basis functions are successful when the function being computed is a scalar 
one, and have also been used successfully to approximate vector functions by 
representing each vector component as a separate scalar function with (4.1) being 
implemented for each component. Nevertheless, it can be advantageous to solve for
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n = o
Figure 4.1 - Nodal basis functions for use with triangular elements in two dimensional 
meshes
Figure 4.2 - Triangular finite element showing ^-r\ coordinate system and edge numbers next to 
arrows
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vector functions in FEM problems using special vector, or edge, basis functions. 
When speaking o f finite elements in relation to edge basis functions, they are termed 
edge elements.
Edge elements were first suggested by Whitney [113] and have seen a slow rise in use 
by the engineering community since the late 1970’s, particularly after the publication 
o f Nedelec’s paper [114]. Rather than being scalar, each edge basis function within an 
element is itself a vector which, at the edge with which it is associated, is at its 
maximum magnitude and has a direction tangent to that edge. That basis vector’s 
magnitude decreases as one moves away from its associated edge, and, depending on 
the element shape, its direction may also change. Illustrations o f edge element basis 
function magnitude and direction changes are given for square and triangular 
elements in [115] and [116]. The magnitude o f an edge vector basis function is such 
that the tangent line integral along its associated edge has unity value.
A vector function’s value within an element can be approximated using edge basis 
functions as:
f W ^ Z / N ^ x )  (4.32)
1 =  1
where n is the number o f edges in the element, N. are the edge based vector basis 
functions and f  are the coefficients associated with each edge that are eventually 
solved for. It should be noted that the coefficients themselves are scalar quantities.
In extending (4.32) to the global representation o f  a vector function, n becomes the 
number o f edges in the whole mesh. The global vector basis function for an edge is 
obtained by the summation o f the local basis functions associated with that edge in 
adjacent elements.
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With reference to Figure 4.1, Figure 4.2 and the linear nodal basis functions described 
above, a set o f first order linear edge basis functions for a triangular element in a two 
dimensional mesh can be defined as follows:
N, = N ,VN2 -  N 2VN,
N 2 = N 2VN3 -  N f7 N 2 (4.33)
There are several advantages in using edge elements when solving for a vector 
function in an FEM model. These are discussed in the points below.
As can be seen in (4.32), only a single scalar coefficient needs to be solved for each 
edge in the simultaneous equation system that arises as part o f  the FEM solution 
process. When using nodal elements to solve for a vector function, coefficients for 
each component o f the vector must be solved for at each node. Edge elements 
therefore have an intrinsic computational performance and storage advantage in this 
scenario.
By virtue o f the fact that an edge scalar coefficient is shared by the basis functions in 
neighbouring elements that meet at a common edge, and that the tangent line integrals 
o f the basis function vectors along that edge are equal, tangential continuity o f the 
vector function being calculated is naturally ensured from element to element. This is 
advantageous when the vector function is known to be physically continuous in this 
way. The T vectors in the T-O method described in the previous section exhibit 
natural tangential continuity since they are components o f the magnetic field vector 
H.
Edge elements do not, however, enforce normal continuity o f  the vector function 
being calculated [95], which is advantageous when working with a vector quantity 
that naturally behaves in that way. The T vectors in the T-O method do not 
necessarily exhibit normal continuity since they are components o f H, and it is pH 
which is normally continuous [90] -  H is therefore normally discontinuous when the 
permeability, p, o f a material changes.
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Using nodal elements to represent vector functions unnaturally enforces normal 
continuity o f the vector function, and this causes problems when the function is a 
vector potential, such as T, and a sharp corner must be modelled. The normal 
continuity causes the curl o f the potential, the current density J in the case o f T, to 
take on an unnatural zero value at the comer [95]. This problem is avoided with edge 
elements.
The edge elements described above are naturally divergence free within elements. 
This is useful because it allows the Coulomb gauge condition discussed in the 
previous section to be naturally partly implemented without further amendments to a 
formulation. It can also deal with the problem o f spurious non-physical solutions 
which can occur because o f inadequacies in the implementation o f  the Coulomb 
gauge when using nodal elements to represent vector functions [117]. It could be 
noted though that the use o f nodal elements does not necessarily in o f  itself imply a 
lack o f gauge : a weak gauge can be implied in some cases when the time derivative 
term in a formulation is non-zero. However when the time derivative term is zero, an 
external gauge can also be imposed.
Because o f the advantages o f edge elements, they will be used to form the 
approximation to Te in the T-O method FEM models o f this work. Section 4.6 will
explain why it will be useful to also express the input function Ts in terms o f edge
basis functions. The magnetic scalar potential, O, will be approximated using nodal 
basis functions.
4.5 T-O Method Galerkin Equations
In Section 4.2.3 it was explained that, when solving an FEM model using the system 
o f weighted residuals, a set o f weighting functions must be defined and these then 
multiplied against the main formulation before being integrated across the problem’s 
spatial domain as in (4.2). This section aims to develop the integral equations 
equivalent to (4.2) for the T -0  formulation to be used in this work. The Galerkin
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method o f choosing weighting functions to be the same as basis functions will be 
used, and the integral equations are therefore known as Galerkin equations. The same 
notation for the problem’s boundaries as was given after (4.28) in Section 4.3 will be 
used together with Qc and Q„ to represent the conducting and non-conducting 
regions respectively.
For governing equation (4.21), which will only be used in conductors, the weighting 
functions will be the set o f edge element basis functions w i where i = 1 to ne , and ne
is the number o f edges whose unknown coefficients must be calculated. This then 
leads to:
V X f l  V X (T, + T ,) ]  = - 1 / 1 ( 1 ;  + T, -  VO)
\CT J Ot
(4.34)
V x ( T  V x (T, + T .) ) + + T, -  VO) .W,dQ = 0
V a  J  o t
(4.35)
i«WjdQ = 0 (4.36)
Then, using the vector identity:
V x A*B = A«V x B -  V»(B x A ) (4.37)
(4.36) becomes:
f f - V  X (T, + T .)\(V  X w,)dn -  f v .fw, X - V  X (T, + T,)ldQ
\  x ® '  nc V a  '
(4.38)
+ f — //(T , + Te -  VO)*W;dQ = 0
Using the divergence theorem [118], (4.38) becomes:
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V X (Ts + T ,)j .(v  x w , ) d f i -  J  n /w ,  x 1 V x (T, + T,)jdT
+ J ^ ( T .+ T . - V ® ) .Wldn = 0
(4.39)
where n is an unit vector outward normal at any point on a conductor’s surface. 
However, from the discussion in Section 4.3, it is known that no surface currents can 
exist on a conductor’s surface, and therefore V x (T s + T e) must always be zero on
r cn. The second integral in (4.39) also must always be zero. The Galerkin equation 
for this governing equation is therefore:
For governing equation (4.22), which also will only be used in conductors, the
nn, and nn is the number o f nodes whose unknown coefficients must be calculated. 
This then leads to:
weighting functions will be the set o f nodal element basis functions w, where /' = 1 to
(4.41)
(4.42)
However, there exists a vector identity:
V .(> )  = (V /> v  + / ( V .v )  
/(V * v ) = V . ( » - ( V / ) . v (4.44)
(4.43)
This identity means that (4.42) can be expressed:
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\ v J - w ,p ( T ,  + T, -  VO )d£2-  } v | - w , . /U(T, + T, -  V<S)dO = 0 (4.45)
qc nc
Applying the divergence theorem to the first integral in (4.45) leads to:
I  n-— W,ft (T, + Te -  V $ )  d r  -  J V — w, -M (T, + T. -  V ® ) dO = 0 (4.46)
where n is an unit vector outward normal at any point on a conductor’s surface. (4.46) 
is the Galerkin equation for governing equation (4.22).
For governing equation (4.23), which will only be used in the non-conducting region, 
the weighting functions will be the set o f nodal element basis functions w#. where i =
1 to nn, and nn is the number o f nodes whose unknown coefficients must be 
calculated. This leads to:
2 - V ./ i ( T .- V 0 )  = O (4.47)
Ot
J — W,V.//(T, -  VO)dQ = 0 (4.48)
n„ ^
Application o f identity (4.44) then leads to:
f v — w ,/ / ( T ,- V ® ) d n -  f v — w ,v i( T ,- V ® ) d f l  = 0 (4.49)
a. 8t a. dt
Since the non-conducting region has boundaries with conductors and a far outer 
boundary where the model’s spatial domain ends, applying the divergence theorem to 
the first integral in (4.49) yields:
J ^ ( T ,  -  VO)dT + J  n*—  wtJu(Ts -  VO)dT
s(oc+n„) dt
(4.50)
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where n are unit vectors outward normal at any point on the non-conducting region’s 
boundary -  i.e. the conductor/non-conductor surfaces in the first integral and the far 
outer boundary in the second integral. (4.50) is the Galerkin equation for governing 
equation (4.23).
Consider now the boundary condition (4.27). If O is set to zero at all nodes along 
d(£2c+£2n) , then, since each wt associated with nodes other than those on d(£2c+ f ln)
d
are zero on d(£2c+ Q n) ,  any integral o f —  w .//(-V O ) along d(Ctc+ Q n) will also be
zero. If, as will be shown in Section 4.8, Ts is chosen to be zero along d (Q c+f2n) ,
then any integral o f — w,//(Ts) will be zero. Therefore, in this situation, it is possible 
dt
to omit the second integral from (4.50).
Further, consider the second term in boundary condition (4.28). Given that the unit 
normal vectors along Ycn in the first integrals in (4.46) and (4.50) are exactly opposite
in direction, and that Te is zero in the non-conducting region, then the boundary
condition will be fulfilled in an average sense around the whole boundary if  those 
integrals are equal in magnitude. (Summing (4.46) and (4.50) would lead to the 
contribution from those integrals cancelling owing to the opposing directions o f the 
normal vectors.) Therefore, if  those integrals are omitted from (4.46) and (4.50), then 
the boundary condition becomes naturally enforced.
By following a similar line o f reasoning it is possible to see that by virtue o f the 
absence o f normal component line integrals around the perimeter o f the finite 
elements within the regions covered by (4.46) and (4.50), the continuities o f  the 
normal components o f /i(T s + T e -V O )  and /^(Ts -V O )  respectively are ensured
from element to element -  this ensures inter-element continuity o f the normal 
component o f / /H . Inter-element continuity o f the tangential component o f H is, for 
the T components, ensured by the natural tangential continuity o f edge elements 
discussed in the previous section, and, for the -V O  component by the fact that, so 
long as a potential is continuous, then nodal elements will ensure that the associated
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field quantity is tangentially continuous [119]. The continuity o f the potential O can 
be ensured by choosing nodal elements with linear basis functions such as those 
described in the previous section [120][121].
Finally, the revised forms of the Galerkin equations (4.46) and (4.50) are therefore:
-  J v — + T t -V 4 > )d n  = 0 (4.51)
nc
and
-  J V — w/v /(T i -  VO )dQ  = 0 (4.52)
n„ ^
4.6 Obtaining Ts
A feature o f edge elements is that the curls o f the edge basis functions are not linearly 
independent even though the basis functions themselves are [95], This means that in 
this work, when solving the T-O formulation using the elements and equations
described in the previous sections, a singular finite element curl-curl matrix would
occur due to the first integral in Galerkin equation (4.40) when the final system o f  
FEM equations is written. It could be noted that a singular equation system could be 
avoided if the Coulomb gauge was imposed between elements in addition to the 
natural divergence free nature o f the edge elements to be used in this work. This could 
be done by using a tree-cotree gauging method such as that used in [210]. In this work 
such a gauging method will not be adopted and the singular equation system will be 
solved using an iterative rather than a direct Gaussian method. Some o f the issues 
resulting from this decision will be reported on. Such an iterative solution would only 
be possible if  the right-hand side o f the equation system were consistent. The right- 
hand side will be formed, as shown in the next section, by transferring the Ts terms
across. Consistency can be assured if the same linear interdependence exists between 
the right hand sides o f the FEM equations as the left hand sides [95]. One way o f
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achieving this is if  the input function Ts is expressed in terms o f the same edge basis
functions as Te , that is:
(4.53)
Z = 1
This means that before starting to solve a problem using the T-O formulation and 
edge elements, Ts must first be calculated and converted into the form o f (4.53).
Biro et al [122] discuss a way o f effecting this conversion. Remembering that Ts is a
magnetic field pattern that ‘could’ arise due to the conductors carrying the prescribed 
amount o f through current at some frequency, an arbitrary infinitesimally thin wire 
(like the thin wire discussed in the previous chapter) is defined to run somewhere 
within each conductor along its length, carrying the prescribed amount o f through 
current. In the non-conducting region, the magnetic fields due to each wire are 
calculated using the Biot-Savart Law [123] and summed to give the total magnetic 
field. The coefficients Tsi for (4.53) are then calculated as the line integral o f the 
component o f the magnetic field tangential to each edge.
In the conductors, the magnetic field that would arise within them due to the 
prescribed amount o f through current being carried as direct current is calculated. 
This is a simple boundary value problem, with the magnetic field on the edges making 
up the conductor/non-conductor boundaries having already been calculated using the 
method described in the last paragraph. A small FEM boundary problem is then 
solved using only edge elements to represent Ts to obtain the coefficients Tsj on each
edge within the conductors. This may be solved using either a direct Gaussian or 
iterative method. The formulation, using previously defined notation, is simply:
(4.54)
Ts x n as defined on r cn (4.55)
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— V x T s xn  = 0 on T£. (4.56)
<j
Clearly, having to solve this smaller FEM problem to obtain the input function Ts for
the main T-O formulation FEM problem adds to the overall solution time. 
Nevertheless, when solving the main problem by time-stepping in the time domain, 
the input function must only be calculated at the beginning, and adds little to the 
overall solution time. When solving the main problem in the frequency domain, the 
situation is not quite so clear cut. Then, so long as most o f the problem’s space is 
composed o f non-conducting material (as is often the case), the efficiency advantage 
of the T-O formulation over others means that the penalty incurred by having to 
initially solve for Tsis not prohibitive. The method outlined in this section will be
used to obtain Ts for the FEM models solved in this work.
4.7 The FEM Equation System in the Frequency Domain
Now that the Galerkin equations and the method o f representing Ts have been
established, it is possible to express the actual equation system that will be solved in 
the T-O formulation FEM models o f this work. Starting with the first governing 
equation (4.40) and with weighting functions where j  = 1 to ne ,
J V * (T* + T« ) ) ( v  x w i ) d n  + j | / / ( T s + Tt - V O > WidQ = 0 (4.57)
As will be discussed in Section 4.9, the models presented in this chapter will be 
solved in the frequency domain and, therefore, (4.57) becomes:
J ( - V x ( T s + T t ) j . ( V x w j) d Q +  J jcofj(Ts + Te -  VO).WjdQ = 0 (4.58)
n A  ^  ' nc
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J [ — V x T e W vxw .)-*7 fiy/Te«Wj dQ +J[y<y//(-V<I))*wj]dQ  =
J J o
- J  ^ V x T ,J « (V x w 1)+yav/r,.wJ
(4.59)
By representing Ts, Te and d> in terms o f the relevant basis functions discussed in
Section 4.4 and the weighting functions using the edge vector functions discussed in 
that section, (4.59) then becomes:
I
f  n. \
- V x l P ,  • ( v x N J)+yo// £ «
G  / =!  )  V i = l  J
*N: dQ
v i=1 /
- \ j a n \ v t .  *>N <
nc
\
•NjdQ =
i x n , 'N j
V '=' J
dQ
Owing to the linearity o f the curl operator, (4.60) can be rearranged as:
E l 7;, { ( 4 v x N 1j.(V x N j)+y-ffl/iN,.NJ 
- Z j ® ,  |>ffl//(VA',).NJd a j  =
- S  r,, j [ f - v x N i\ ( V x N i)+7(U//N ,.N j
dQ
'=> a
dQ
(4.60)
(4.61)
The second governing equation (4.51) with weighting functions where j  = 1 to nn is:
JV| - H; , A(Ts+T,-V®)dn = 0
r\
(4.62)
which in the frequency domain becomes:
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-  J Vjcowpju(Ts + Te -  VO )dQ  = 0 (4.63)
nc
-  |  Vjcowj • //TedQ -  J  VjcoWj• p  (-V O ) dQ = J  VjcoWj• //TsdQ (4.64)
nc nc nc
By again representing Ts, T, and O in terms o f the relevant basis functions and using 
the nodal weighting functions discussed in Section 4.4, (4.64) then becomes:
-  Jvy®ArJ. /U| X N , d n +  v X ® ,,v ,
nc '=]
dQ =
(4.65)
Due to the linearity o f the gradient operator, (4.65) may be rearranged as:
- Z j 7:.- j ; ^ N i.vivydn|+2;|<i), j ^ v a t - v a ^ ^  
X  r „  j y ^ . v ^ d Q
(4.66)
,=1 n.
The derivation process for the third governing equation (4.52) is similar to that for the 
second and
- j v — wpju (Ts -  VO) dQ = 0 (4.67)
becomes:
£  ® ,J  jco fN N ^V N jd a  = X k ,  J i m N ,-V ^ d n  [ (4.68)
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Thus (4.61), (4.66) and (4.68) together represent the system o f  equations that will be 
solved in the frequency domain FEM models o f this work. These may be represented 
in matrix form as:
A b " "E" V
6 t C O _s2_
4 .  =  J  f — V x ^ V v x N j J + y ' f l y / N . - N .
IA & )
£, = - Jy^VA' .NjdQ
nc
Cy = {  j co p V N p V N fid
dQ
a  +o„
o , = o ,
(S>), =  | r-  J [ ( “  V  *  N * J ' ( V  x  Ni )  W N. -Ni
(5 2); = Z  J y ^ N .- V ^ d Q
dQ
(4.69)
(4.70)
(4.71)
(4.72)
(4.73)
(4.74)
(4.75)
(4.76)
,=1
It is in this matrix form that the equations will be represented in the computer 
program that will be used to solve them.
4.8 Infinite Elements
When solving FEM models o f the type that will be used in this work (involving 
conductors surrounded by a non-conducting region), for the models to be as realistic 
as possible, the meshes should ideally continue for a very long, if  not infinite, distance 
from the conductors before the Dirichlet condition o f  O = 0 is imposed at the far 
boundary. Unfortunately, this would lead to impossibly large meshes and equation 
systems.
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Figure 4.3 - A quadrilateral infinite element
One way around this problem would be to terminate a mesh at some distance away 
from the conductors and impose the Dirichlet boundary condition there. Whilst, so 
long as the mesh does not end too close to the conductors, this can give reasonably 
good results, it will still be the case that a certain amount o f error will have been 
introduced into the model’s results. With the T-O formulation this error will result in 
the magnetic field calculated from the potentials always being tangent to the far 
boundary at the location where the mesh is terminated, with the amount o f error 
decreasing as one moves inwards from the boundary. In this work, to keep mesh sizes 
and therefore equation systems as small as possible, it will be desirable to terminate 
meshes relatively close to the coils being simulated. This, if  additional action were not 
taken, could result in the current distribution in a coil being adversely affected and 
erroneous values obtained for the coil resistance and inductance.
A better solution is possible if  so-called infinite elements are placed around a mesh’s 
far boundary. These are special finite elements which have some nodes shared with a 
mesh based finite element on the traditional far boundary and have their other nodes 
located at infinity.
An example o f a two dimensional infinite element is shown in Figure 4.3. This is 
based on a standard quadrilateral finite element [125], but has its nodes 2 and 3 
located at infinity. The value o f the quantity being modelled is always zero at nodes 2 
and 3, and therefore the nodal basis functions associated with those nodes are always 
zero -  i.e. N 2 = N 3 = 0 . The other nodal basis functions are:
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(4.77)
It is also possible to have infinite edge elements. For quadrilaterals, in this case, edge 
2 is always at infinity and the scalar coefficient associated with that edge is always 
zero. Thus, any vector quantity being represented using the infinite edge element is 
zero at infinity. Suitable edge basis functions would be:
where x and y are unit vectors in the local x and y  coordinate system o f the element.
4.9 FEM Modelling W ork in This Thesis
The features described in the preceding sections -  i.e. the T-O formulation and 
equation system, the method o f obtaining Ts from a prescribed current, the mixed use
o f edge and nodal elements, and the use o f infinite elements -  will form the basis o f  
the FEM modelling o f stimulation coils to be undertaken in this work. A FORTRAN 
computer program was developed during this work to implement this modelling 
system.
As was stated in Chapter 2, it could be expected that even a single full FEM model o f  
a coil would take some time to solve. Given that several o f these models will need to 
be solved both during the development o f the FEM computer code itself and 
subsequently when using the FEM code to model different sizes o f coil shapes to 
obtain the expressions for coil resistance and inductance discussed in Sections 
2.5.3.2.2 and 2.5.3.3, it would be desirable to try to restrict the execution times o f  
each FEM model in some way. Additionally, reasons were given in Section 3.9 for 
choosing to restrict the optimisation programs that will be developed in this work to 
consider coil geometries that have sections whose shapes can be approximated using
(4.78)
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concentric or co-axial loops o f wire, including reasons for why this is valuable work. 
Now, a coil that can be approximated as co-axial circular loops having a single axis, 
like the helix o f Section 3.9 or the new shape proposed in Section 7.8, can be 
considered as exhibiting axial symmetry, and a detailed electromagnetic model o f the 
coil could be obtained from a two dimensional axi-symmetric FEM model o f the 
loops. Therefore it has been decided to take advantage o f the shorter computational 
speed o f  such a model, restrict the FEM modelling work undertaken in this thesis to 
coils whose shapes can be approximated as co-axial loops having a single axis, and 
attempt to meet the commercial desire to find improved coils o f that type. In this 
thesis, work will be presented to demonstrate how accurate such an FEM 
representation o f that coil type is when used with the T-O formulation - in this chapter 
and the next comparisons will be made o f modelled and measured magnetic field 
values due to a single spiral Magstim HP90 coil. Clearly, as part o f future work, the 
FEM program developed could be extended from 2D axi-symmetric to full 3D whilst 
retaining most o f the computer code and allowing a full range o f shape types to be 
modelled.
In Section 2.4 it was explained that, in order to find the resistance and inductance o f a 
stimulating coil when used in combination with a stimulating machine and connecting 
leads, an FEM model o f the coil structure coupled to a lumped circuit element model 
o f the stimulator and leads needs to be solved in order that the frequency content o f  
the current that would arise in the whole system is correctly modelled. In fact, so long 
as there is no non-linear magnetic material in the coil’s vicinity, the current pulse 
through a biphasic stimulator and coil, as in Figure 1.4, is a single period o f a slightly 
damped sine wave, and the system may be thought o f as having current at a single 
resonant frequency. Unfortunately, since this resonant frequency is not known for a 
new coil shape, it would be difficult to use the faster frequency domain form o f the 
FEM to model a new shape. Whilst there is a way around this issue, it involves 
running several separate frequency domain FEM models and circuit models to 
iteratively ‘find’ the resonant frequency, and, even then, the method fails when non­
linear magnetic material is present. Given that it is desired for the FEM technique 
used in this work to be generally applicable to both biphasic and monophasic 
stimulators (which have current pulses with more complex frequency content), and 
that the speed advantage o f frequency domain over time domain FEM modelling is
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eroded when several frequency domain models have to be solved, most o f the FEM 
work reported in this thesis will consist o f an FEM model o f  the coil structure coupled 
to a lumped circuit element model o f the stimulator and leads solved in the time 
domain. Time domain modelling is discussed in the next chapter. Nevertheless, in 
order to demonstrate that the T -0  formulation FEM models are working adequately 
without the additional complication o f the lumped circuit models, some results 
obtained from solving FEM models in the frequency domain will be presented in the 
remainder o f this chapter.
Finally, it is important to consider why a new FEM computer program was developed 
for this work given that there are successful commercial FEM packages available. 
There are several reasons for this, and these include:
1) The FEM models to be solved in this work are potentially large due to the 
density o f finite elements required within conducting regions to adequately 
model the skin and proximity effects and the amount o f free space between 
different conducting sections o f coils. This would be particularly so for full 3D  
models. Therefore it would be beneficial to have maximum control over the 
FEM process to ensure that a particular choice o f formulation, finite element 
type, discretisation, and equation solver could be made in an attempt to control 
the efficiency o f the whole procedure.
2) Hardly any published work exists on the FEM modelling o f the internal 
structure o f stimulation coils. Given the potential efficiency o f the T-O 
formulation, it was desired to report in this work on the stability and suitability 
o f the formulation to modelling stimulation coils. In particular it is desired to 
know whether the method o f deriving Ts from a prescribed current causes
problems -  especially in stimulator circuit coupled time domain models, and 
also when used in 2D axi-symmetric models given that the literature on this 
method refers to 3D modelling.
3) Given that stimulator circuit coupled time domain models are to be solved, it 
was desired to also have maximum control over how this circuit coupling is to
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be implemented. Particularly, it was desired to be able to control how the 
equations o f the coupled system impact on one another, which electrical 
quantities would link the two sections, whether explicit or implicit time- 
stepping should be used, and what time-step size would be permissible.
4) In the future, it may be desired to move beyond the tri-modular approach of  
this work to a position where an optimisation algorithm directly incorporates 
running FEM models. This would require the algorithm to repetitively run 
FEM models whilst making step-by-step mesh changes. It would therefore be 
desirable to develop a particularly efficient FEM program that could be 
incorporated at a later time into such an optimisation program.
5) A version o f the T -0  formulation, without T split into Ts andTe has been
successfully used by others [78] to model the secondary currents induced in 
tissue due to the fields from stimulation coils which were themselves modelled 
using a simpler method than the FEM models o f this work because their 
frequency o f operation and peak through currents were already known. In the 
future it could be useful to run FEM models that include both the internal 
structures o f a stimulator coupled coil and tissue, and, since using the same 
formulation for both structures would be beneficial, it would be useful to show 
in this work that the T-O formulation can adequately model a coil’s structure.
4.10 Amendment to the FEM Formulation for 2D Axi-Symmetry
In order to use the T-O formulation in a 2D axi-symmetric FEM model, some factors 
need to be considered. The first is that, since the potentials together represent the 
magnetic field as given by (4.20), for the magnetic field to be truly axi-symmetric, it 
must have no component normal through the axis o f symmetry. Actually, this 
condition can be naturally ensured by simply terminating the mesh at the axis o f  
symmetry. This is a side effect o f ensuring the inter-element continuity o f pVL by 
always not including in the formulation the integrals:
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(4.79)
or
(4.80)
around the outside o f every conducting or non-conducting element respectively (as 
discussed in Section 4.5). By also always not performing these integrals along the 
sides o f  elements that abut the axis o f symmetry, the value o f the integrals, and hence 
the normal component o f the magnetic field, will always be zero. (Initial conditions 
are that the magnetic field is zero.)
The second consideration is whether any change needs to be made to the equation 
system that must be solved to account for 2D axi-symmetry. The paper by Hiptmair 
and Ledger [126] discusses the 2D axi-symmetric FEM equations for use with a high 
frequency formulation where both edge and nodal finite elements are used. Careful 
consideration o f the paper reveals that for the low frequency problem in this work 
where the quasi-static approximation to Maxwell’s equations applies, and no build up 
of static electric charges are to be modelled, the equation system (4.69)-(4.76) simply 
becomes:
A B E S  
Bt C O “ S
(4.81)
(4.82)
(4.83)
Cjj = |  jcoprVN, • VATdQ (4.84)
qc +n„
(4.85)
(4.86)
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(4.87)
& ) > = ]  T, \ j e w S f V N j & n
' Cl,
(4.88)
where r is the perpendicular distance from the axis at a point. When comparing with
the work in [126] it should be noted that high-frequency related modes are absent in 
this work. Additionally, the M r  singularities that occur in [126], arising from that 
work’s Equation 6, do not occur in this problem because, if  one imagines a cylindrical 
coordinate system with the z  axis corresponding to a coil’s axis o f symmetry, the curl 
o f the magnetic field is always along the 0 direction and has no component in the 
problematic r  or z  directions. It is the amended 2D axi-symmetric form o f the T-O 
formulation described here that will be used in the FEM models o f this work, other 
than in the test model reported upon in the next section.
4.11 The Current Distribution Across a Single Round Wire
As has been mentioned, the ultimate purpose o f the FEM models in this work will be 
to provide results -  the magnetic field H -  that can be processed to obtain the 
resistance and inductance o f new coil geometries when used with a particular 
stimulating machine. That post-processing will be discussed in Chapter 5. However, it 
is first necessary to demonstrate that the frequency domain T-O formulation 
FORTRAN FEM program mentioned in the previous section works correctly. 
Obviously, several tests were undertaken to verify the program’s results, however, in 
this section, results will be presented to validate the FEM code and in particular to 
show that, with suitable post-processing, the program can be used to correctly model 
the low frequency current density distribution on the cross-section o f a long straight 
circular conductor.
The problem o f finding this current density distribution is one that has an analytical 
solution. With reference to Figure 4.4, this is given in [127] as:
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J = I / A k J o [ j A krj (4.89)
2 m J i  \ j /2K
where I  is the total current through the wire; r is the distance from the wire’s centre to 
an observation point; rw is the wire’s radius; k2 = cocrjuwhere co is the angular
frequency, a  is the conductivity and /x is the permeability; and J n |  j ^ k r j  is an n’th
order Bessel function o f  the first kind. Such a Bessel function may be expressed as:
where
J n ( j A f  = ber„(to-) + ybei„ ( kr) (4.90)
ber„(fo-) = £
( - 1)"
m=0 m
kr
■cos—[n + 2m)7r
! f  ( « -f- m + 1) 4
(4.91)
( - 0' kr
bei„ (kr) = Z  . w  A sin l ( n + 2m)m=0 m\ T( n  + m + 1) 4
7t (4.92)
Observation
point
Figure 4.4 - A long straight round wire parallel to the z axis
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in which T (n + 1) is the Gamma function.
The problem to be investigated is that o f finding the current distribution across a 2mm 
radius circular wire o f conductivity cr = 5x107 S/m carrying a 3 kA current at 4 kHz. 
For comparison with the FEM modelled results, a computer program implementing 
the analytical formula described above was written, and used to obtain the distribution 
shown in Figure 4.7. It should be noted that the results in the figure are shown on a 
mesh purely for ease o f comparison with the FEM modelled results -  no mesh is 
required with the analytical formula. Although any points could be chosen, the 
analytical formula was used to obtain the current densities at points equivalent to the 
centroids [128] o f the mesh elements, and these values are shown across the whole o f  
each element in Figure 4.7.
For the FEM model, the frequency domain T-O formulation with edge and nodal 
elements as described in this chapter was used together with a 2D triangular element 
mesh. The mesh was generated using the MeshAdapt original 2D algorithm o f  the 
program known as gmsh [133]. The whole mesh, including the non-conducting space 
around the wire is shown in Figure 4.5, and Figure 4.6 shows a close-up o f  the wire in 
the centre portion o f the mesh. As the wire is long and straight, the axi-symmetric 
modifications to the formulation described in the previous section were not used. 
Although planar symmetry exists in this test problem, no lines o f symmetry were 
implemented in order exclude potential sources o f error. A current value o f 3 kA was 
used to obtain Ts using the method o f Section 4.6, the formulation solved to obtain
Te and ®, and the current densities at the centroids o f each element obtained by post­
processing using J = V x H  = V x ( T s + T e - V O ) . These centroid values are shown 
across each element in Figure 4.8.
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Figure 4.5 - Complete FEM mesh
Figure 4.6 - Close-up of the wire in the FEM mesh
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Figure 4.7 - Current density in A /m 2 at element centroids due to analytical formula
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Figure 4.8 - Current density in A /m 2 at element centroids due to FEM model
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Figure 4.9 - Percentage error in FEM model at element centroids
Figure 4.9 shows the percentage error between the centroid FEM and analytical 
values as percentages o f  the analytical values. As can be seen, the percentage error is 
low -  0.15% or less -  which, together w ith the closeness in values and distributions 
observed in Figure 4.7 and Figure 4.8, suggests that the FEM program is functioning 
correctly. This was borne out by the results from other test models. It could be noted 
here that the problem o f  a single long straight conductor is not wholly realistic since 
there should strictly be a current return path defined somewhere in the problem space. 
The lack o f  a defined return path, together with the use o f  infinite elements that 
impose no current return path at infinity, means that solving the problem leads to an 
implied return path being distributed across the problem space elements. 
Nevertheless, as seen in Figure 4.9. this does not lead to a significant error in the 
results obtained from solving the problem, and the solution is good enough to be 
considered to have validated the FEM program ’s performance. It is interesting to note 
that, here, the higher error values were associated with elements w hose edges had 
higher T coefficient reference numbers in the FEM equation system. When running
more practically useful FEM models, a coarser mesh leading to somewhat less 
accurate results but faster solution times would be acceptable.
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As was mentioned in Section 4.6, the FEM equation system being solved is singular, 
but should be solvable using an iterative method. The solver used to obtain the above 
results was the symmetric matrix three-term recurrence without look-ahead version of  
QMRPACK. This is a type o f Krylov Method solver and is discussed in [129]. The 
solver was chosen because, as discussed in Section 4.3 and 4.4, this formulation is 
used without explicitly enforcing a gauge condition, which is known to greatly reduce 
the number o f  iterations with Krylov solvers [130]. This solver will be used for the 
remainder o f the FEM models in this work. In the model reported above, which 
contained 10409 unknown coefficients, the solver calculated a solution after 1497 
iterations in 1 minute 43 seconds on a Pentium 4 1.8GHz personal computer.
It should be reported that, before using the QMRPACK solver in this work, an attempt 
was made to solve the FEM equation system in several models using a Gaussian 
elimination direct solver, but with the addition o f a wholly real regularisation term:
a  |  Nj'NjdQ (4.93)
nc
to the first term in the integral on the right hand side o f  (4.70) in an attempt to remove 
the singularity by making the equations linearly independent. The parameter a would 
be some chosen small value. However, this did not prove successful, and, although 
broadly realistic solutions o f models were obtained, the magnetic field was composed 
o f spurious values in a small, but significant, proportion o f mesh elements. Ultimately 
these spurious values were due to the singular FEM equation system whose solution 
was being sought. As discussed in Section 4.6, the equation system was singular 
because a decision was taken not to fully implement the Coulomb gauge. The iterative 
solver somewhat obscures the lack of gauge in the system in its solutions whereas the 
direct solver reveals it as spurious values.
4.12 An FEM Model of a Magstim HP90 Coil
In this section, the 2D axi-symmetric frequency domain T-O formulation FORTRAN 
FEM program will be used to solve a model o f a flat single spiral Magstim HP90 coil
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represented as concentric circular loops in the m anner outlined in Section 4.9. The 
purpose o f  this work is firstly to confirm that the program is working correctly when 
more than one conducting section appears in a 2D mesh and secondly to present 
original work on the accuracy o f  the current density and magnetic field values 
obtained from the frequency domain T-O  formulation when a spiral stimulating coil is 
approximated as concentric circular loops in a 2D axi-symmetric model.
The geometric dimensions o f  a HP90 were given in Section 3.7, and the ware cross- 
section given there was used for each concentric circular loop in this section 's  model. 
A 2D axi-symmetric mesh o f  triangular elements was constructed in a similar m anner 
to the mesh o f  the last section using the gmsh program. The centres o f  each concentric 
loop were the same as those used for the concentric thin-wire loop model o f  Section 
3.8. The mesh used is shown in Figure 4.10, and a magnified view' o f  the region 
containing the conducting loops is shown in Figure 4.1 I . It will be seen that the mesh
A x is  o f  sy m m etry
>kTSPK 7^
Figure 4.10 - Mesh used for HP90 FEM model
A x is  o f  sy m m etry
Figure 4.11 - Close-up of region containing concentric conducting loops in mesh of FIP90 coil
Richard Hughes
Improving The Focality O f Magnetic Stimulation Coils: Chapter 4
is finest in and around the conductors in order to capture in detail both the skin and 
proximity electromagnetic effects. The mesh can be quite coarse at distance from the 
conductors without significantly affecting what is modelled within the conductors. 
The reason that the mesh was extended so far from the conductors was so that the 
magnetic field values required for the plots presented later in this section could be 
calculated.
In order for a frequency domain model to be valid, the HP90 will be considered to be
>y
attached to a Magstim Rapid biphasic stimulator meaning that, as discussed in 
Section 4.9, the frequency content o f the current through the coil will consist o f one 
component. By experimentally measuring the potential across the discharge capacitor 
o f a Rapid stimulator when connected to a HP90 using a Tektronix TDS3014 
oscilloscope, the circuit formed by the pair was found to be resonant at 2.5kHz. The 
FEM model was therefore driven at that frequency.
The equation for the current through a biphasic stimulator is given in Section 1.3 as 
(1.5) and is reproduced below:
exp
2 L
sin (cot) (4.94)
'tot J
where V0 is the initial voltage across the stimulator’s discharge capacitor, and
Rlol = Rs + Rc and Ltot -  Ls + Lc are the total resistance and inductance o f  the
stimulator (with connecting leads) and coil at the frequency o f operation. By taking 
the time derivative o f (4.94) the following is obtained:
di - K
dt coL,
exp
2 Ltot /
p
cocos(cQt) -  sin(<y/)—— exp 
2 2 L'lot J
(4.95)
Now, the peak current through the coil will arise at the time when d i/^  [s zero. From 
(4.95) this occurs when:
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p
cocos(cot) = —— sin(<w/) (4.96)
Ico l
/L.
= tan (cot) (4.97)
arctan
t =
( 2<oL,a >
v Ao/ y 
co
(4.98)
Measurements were taken from an actual HP90 coil at a frequency o f 2.5kHz using a 
Wayne Kerr Analyser 6425 impedance bridge, leading to values o f i£c = 1 6 m fi,
Lc = 2 3 //H . Additionally, values o f Rs = 25mQ and Ls = 1 pH  were supplied for the
resistance and inductance o f the Rapid2 stimulating machine and connecting cables at 
2.5kHz by the Magstim Company Ltd. Using this information, (4.98) can be evaluated 
to give t = 9.639x1 (T5s. Substituting these values back into (4.94), together with an 
initial capacitor voltage o f 1530V, gives the maximum peak current through the coil 
as 3.88kA. It is this current value that was used as the through current value for each 
conductor in the FEM model in this section in order to obtain the function Ts using 
the method o f  Section 4.6.
Once Ts was obtained, the FEM program proceeded to solve the main T-O
formulation using the 2D axi-symmetric equation system o f Section 4.10. In total, the 
mesh described above resulted in an equation system o f 8032 unknown coefficients 
which took 6 minutes 39 seconds to solve on a Pentium 4 1.8GHz personal computer 
using the QMRPACK solver described in the previous section.
To help verify that the program was working correctly, the Magstim Company Ltd 
supplied data relating to the current density distribution across the conductor cross- 
sections in a HP90 coil obtained by solving a 2D axi-symmetric FEM model in the 
commercial package Ansys [131]. The same concentric loop coil geometry was used 
in the Ansys model as the T-O model presented in this section, but the Ansys model 
was solved using purely nodal finite elements and the A-V formulation referred to in
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Section 4.3. Since an initial capacitor voltage o f 1530V was used in the Magstim 
model, this is the value used above in deriving the peak coil current for the T -0  
model. The results from the T -0  model were post-processed to obtain the conductor 
current densities using J = V x H  = V x (T s + T e - V O ) , and the results o f this
calculation are shown in Figure 4.12 with the current densities in A/m at the element 
centroids shown across the elements. The Magstim supplied Ansys data is shown in 
Figure 4.13 for comparison.
As can be seen from Figure 4.12 and Figure 4.13, the current density values and 
distribution obtained from the T-O model agree closely with the Ansys derived data 
supplied by Magstim. This, together with other tests conducted, suggests that the 
FORTRAN based 2D axi-symmetric frequency domain T-O based program is 
working correctly, and is properly modelling both the skin and proximity effects. 
Inspection o f the magnetic field data from the T-O model (before any post-processing 
is applied) revealed that the calculated field is always stable, and has no spurious 
values.
In addition to considering the current density in the coil, the magnetic field was also 
calculated at points along several lines below the coil using the T-O model’s results. 
These lines extended away from the coil’s axis, along its radius and were parallel to 
its plane, in a manner similar to the lines in Figure 3.8 in Section 3.7. The field was 
calculated by reconstructing Ts,Te andO from the solved finite element coefficients
at each field observation point and performing the sum H = Ts + T e -  VO . Plots o f  
the radial and vertical components o f the magnetic flux density B = /iH  are shown in 
Figure 4.14 and Figure 4.15.
Although the results in Figure 4.14 and Figure 4.15 appear to be broadly realistic, the 
flux density magnitudes can be seen to fluctuate quite seriously along each line. This 
is because the finite element discretisation in the mesh described above is relatively
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Figure 4.12 - Current densities across the conductor cross-sections of a HP90 coil obtained from 
the T-O model
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Figure 4.13 - Current densities in Magstim supplied FEM data across the conductors of a HP90 
coil
coarse at these distances away from the coil. This distant coarseness has little effect 
on the current density seen in Figure 4.12. and if one is only interested in ensuring 
that the skin and proximity effects are adequately modelled so that an electromagnetic 
quantity like the current density, or the coil 's  AC resistance or inductance, can be 
reliably modelled, then this type o f  mesh is sufficient.
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Peak Br along radius at range of distances below Magstim HP90 coil
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Figure 4.14 - The radial component of the magnetic flux density at points on lines at various  
distances below a HP90 coil calculated using the T- <D model
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Figure 4.15 - The vertical component o f  the magnetic flux density at points on lines at various 
distances below a HP90 coil calculated using the T- d> model
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Comparison of Peak Br along radius at range of distances below Magstim HP90
coil
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Figure 4.16 - Comparison of radial component of magnetic flux density on lines below HP90 coil 
due to T- <P model and measured data
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Figure 4.17 - C omparison of vertical component of magnetic flux density on lines below HP90  
coil due to T- <!> model and measured data
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In order to obtain better flux density values at distance from the coil, the mesh was 
revised so that a thin layer o f finer mesh existed for 1.5mm above and below each line 
containing field observation points. The remainder o f the mesh remained the same, 
and the T - O  model was re-run. The Magstim Company Ltd supplied data consisting 
o f radial and vertical magnetic flux density component measurements at points along 
each line taken using a 10mm diameter calibrated search coil having an accuracy o f ±  
2% [132]. These measurements are shown in Figure 4.16 and Figure 4.17 together 
with the results from the re-run model.
As can be seen from Figure 4.16 and Figure 4.17, the modelled magnetic flux density 
varies much more smoothly from point to point along each line when the revised 
mesh is used. There is also good agreement between the modelled and Magstim 
supplied measured data.
From the above results it can be seen that the 2D axi-symmetric frequency domain T -  
<1> formulation FEM method described in this chapter can be applied to successfully 
model the magnetic field around a stimulation coil such as a spiral. However, care 
needs to be taken to ensure that the mesh is relatively fine in the vicinity o f any points 
at which the field is to be evaluated, even if  distant from the coil. An alternative 
would be to keep a less fine mesh but evaluate the field at Gaussian points within the 
elements containing the points at which it is desired to know the field, then project the 
field values back onto the elements’ nodes. The nodal shape functions could then be 
used to interpolate the field onto the points at which it is desired to know the field. A 
possibility would be to use a combination o f this field smoothing and a finer mesh. A 
further alternative, since the field is due to the current within the coil, could be to 
perform Biot-Savart integrals over the coil geometry itself to obtain the field at the 
desired points. This would, however, involve more evaluations than the other methods 
mentioned above, so would be a less desirable post-processing technique.
4.13 Conclusions for the FEM Work in the Remainder of This Thesis
In this chapter it has been shown for the first time that the 2D axi-symmetric 
frequency domain T - O  formulation FEM method can be used to successfully model
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the skin and proximity electromagnetic effects in a coil that can be approximated as 
being axi-symmetric. This has been demonstrated by the production o f reliable values 
for the current density in the HP90 coil, and magnetic field values that compare 
closely to experimentally measured values. O f course this modelling relied on a-priori 
knowledge o f the current magnitude and frequency that arose when the HP90 coil was 
used with a particular biphasic stimulator. In the next chapter, the model will be 
expanded into a stimulator circuit coupled time domain form so that, if  desired, a near 
axi-symmetric coil could be modelled when used with either a biphasic or 
monophasic stimulator. That work will then lead on to a point where the AC 
resistance and inductance o f a coil can be obtained through post-processing o f  
modelled results and used in the tri-modular optimisation scheme described in 
Chapter 2.
Finally, it could be noted that, although an assumed DC current distribution was used 
in the conductors in the FEM models in order to obtain the source function Ts , a
different assumed current distribution could have been used instead. For the 
modelling to work as intended though, it would be necessary to ensure that the total 
through current in the conductors would be the same as that used in the DC 
distribution model. If an alternative Ts distribution were decided to be used, the
solution functions T and O would be different to those obtained from the DCe
distribution model although the final total magnetic field function H = Ts + Te -  VO 
would be expected to be the same.
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5 Time Domain Finite Element Modelling
5.1 Background
Section 2.5 and its subsections introduced this work’s proposed tri-modular scheme to 
find improved magnetic stimulation coil shapes whilst avoiding the repetitive running 
of time consuming Finite Element Method (FEM) electromagnetic models during an 
iterative optimisation algorithm. There, it was explained that the New Shape Module 
would use optimisation to search for coil geometries having a better peak electric field 
focality and that the simpler thin-wire electric field modelling technique can be used 
as part o f  this task. However, it was also explained that, in practise, although it is 
desirable to use a focal coil, it is also desirable to know whether a particular coil is 
capable o f  stimulating the intended nerve tissue which is at a certain distance below 
the coil.
This work’s Main Module was proposed (which also uses optimisation and thin-wire 
field modelling) in order to offer a way to find the most focal coil geometry from a set 
o f basic shape topologies which is also able to meet a specified normalised nerve 
membrane potential value at a certain distance below the coil. In Section 2.5.2, it was 
explained that the peak nerve membrane potential value may not occur until some 
time into the current pulse being discharged through the coil; this peak may be 
calculated for coils used with a biphasic stimulator by evaluating (2.6) during the 
current pulse. However, in order to use (2.6), it is necessary to know the resistance 
and inductance o f the coil, which are values that depend on the skin and proximity 
electromagnetic effects that arise within the coil when it is used with a particular 
stimulator.
In Chapter 4 it was demonstrated that a 2D axi-symmetric T -0  FEM formulation can 
be used in the frequency domain to model the skin and proximity electromagnetic 
effects in coil shapes that are suited to being represented as concentric circular loops. 
Clearly, in order to undertake a frequency domain simulation, it is necessary to know 
the frequency at which to run the model. Unfortunately, the frequency content o f the
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current pulse that arises when a new coil geometry (that may have arisen during an 
optimisation iteration) is used with a particular stimulator is not known a priori, 
meaning that the FEM program o f Chapter 4 cannot be directly used in this work. 
Therefore, this chapter investigates how the 2D axi-symmetric T-O FEM formulation 
program may be extended to work in the time domain and coupled to a lumped 
element circuit model o f a stimulating machine so that the resistance and inductance 
o f new coil geometries may be established. It will be seen that, for a biphasic 
stimulator, the frequency domain program still has a supporting role in the process.
It is intended that the final form o f the circuit coupled time domain FEM program 
reported on in this chapter together with the supporting frequency domain routine be 
this work’s FEM Module. The FEM Module may then be used in the way outlined in 
Section 2.5.3.2.2 to obtain expressions for the resistance and inductance o f the basic 
coil shapes in terms o f the basic shapes’ size governing variables. Use o f the FEM 
Module to do this is examined in Section 7.12. The Main Module’s optimisation 
therefore involves taking one or more basic coil shape topologies and finding the size 
governing variable values that optimise a shape’s focality whilst meeting the 
normalised nerve membrane potential requirement. There, use is made o f thin-wire 
electric field modelling to assess focality and to partially calculate (2.6) to obtain the 
membrane potential; the remainder o f (2.6) is calculated making use o f  the 
expressions for resistance and inductance for the basic shape obtained via the FEM 
Module. The Main Module is discussed in greater detail in Chapter 7.
The present chapter begins by showing that the quasi-static frequency (less than 10 
kHz) electromagnetics that underlie the technique o f magnetic stimulation are an 
example o f a diffusion process. Armed with that knowledge, an appropriate time 
stepping method for the time domain FEM coil model is identified and its stability 
discussed. The time domain FEM formulation is then shown to be able to adequately 
model a Magstim HP90 coil. Subsequently, a method for coupling the FEM model to 
a circuit model o f a biphasic stimulator is presented, before this chapter closes by 
reporting how the coupled model can be used to accurately predict the resistance and
• • ♦ • 9 • • •
inductance o f a HP90 coil when used with a Magstim Rapid biphasic stimulator.
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5.2 The Quasi-Static Electromagnetic Problem as a Diffusion 
Process
The physical process o f diffusion accounts for the way in which something, e.g. heat, 
particles, a field, etc., flows from regions o f greater concentration to regions o f lesser 
concentration. According to Fick’s Law [142], the net movement o f the diffusing 
quantity per unit area is proportional to its concentration gradient, and the constant o f  
proportionality, known as the diffusion coefficient or diffusion constant, depends on 
the diffusing quantity’s nature and the medium through which the diffusion takes 
place. Since concentration involves a first order spatial derivative o f the quantity o f  
interest and diffusion involves the gradient o f the concentration, it is no surprise to 
find that the Diffusion Equation [143] contains the Laplacian operator:
dtt 2 2 —  = c V u 
dt
(5.1)
du
~dt
= c
d2u d 2u d 2u
 T   T  ^ Tdx dy dz
(5.2)
where c2 is the diffusion constant and u is the diffusing quantity.
The property known as the diffusion length is a measure o f how far the diffusing 
quantity has propagated in a straight line via a diffusion process in a certain time t, 
and may be expressed as:
This may be rearranged as:
L = f 4 c2t (5.3)
t =
4c2
(5.4)
to give the time taken for a quantity to diffuse a certain distance.
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Consider now the T -0  formulation to be used in the FEM models o f this work. It may 
be seen that governing equations (4.22) and (4.23) are obtained by taking the 
divergence o f governing equation (4.21) which represents the physics o f the problem. 
If (4.21) is applied in a spatial sub-domain o f a problem having uniform scalar 
material properties (where, given its definition, Te is zero if  the sub-domain is non­
conducting) and use is made o f (4.20), the constitutive relation B = //H  from (4.4), 
and the fact that the gradient o f a scalar field has no curl, (4.21) may be developed:
v  X [ T V X (T, + T ,) l  = + T. -  V0>) (5.5)
- V x V x ( T , + T j  = —| - / / ( T S + TC-V<I>) (5.6)
O’ ut
1 ^
— V x V x H  =  p H  (5.7)
<j d t
1 5^
—  V x V x B =  B (5.8)
crp dt
Using the vector identity V x V x A = V ( V*A) -  V2A , (5.8) becomes:
1 1
— V (V .B )  V2B =  B (5.9)
crp crp dt
However, from Maxwell’s equations (4.4), V«B = 0 . This means that (5.9) becomes:
crp
— V2B = — B
a p  dt
d 2 B a2B 32B
 T  "I T  ^ Tdx dy dz
=  — B
dt
(5.10)
(5.11)
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By comparing (5.10) and (5.11) to (5.1) and (5.2) it is possible to see that, within such 
an uniform sub-domain, the quasi-static electromagnetic models being solved in this 
work represent a diffusion process where the diffusing quantity is the magnetic flux 
density B, and the diffusion constant is . If this constant is used in (5.4), the
following is obtained:
t = ^ -  (5.12)
which represents the time taken for the magnetic flux density to diffuse over a 
distance L. By virtue o f their having zero conductivity, diffusion is instantaneous 
across ideal non-conductors, but takes increasingly longer as the conductivity o  is 
increased.
Now, when solving FEM models in the time domain, different techniques exist o f  
converting time derivatives into equations which must be solved at discrete time 
steps. If the simplest techniques could be used, models using this work’s formulation 
would have unstable solutions if  the time step used were longer than the time it takes 
given (5.12) for B to diffuse across some fraction o f the smallest conducting element. 
This restriction is a consequence o f the work o f Courant et al [144], and the relevance 
o f the associated quantity known as the ‘Courant number’ to time-stepping general 
convective and diffusive FEM problems is discussed in [145]. In the next sections, 
different time stepping techniques will be examined, and it will be considered whether 
the restriction consequent o f Courant’s work can be avoided in this work.
5.3 Differenced Time Stepping
In Section 4.3 it was seen that the governing equations (4.21) - (4.23) for the T-O 
FEM formulation used in this work contain, at most, first order time derivatives. 
Perhaps the simplest form o f problem involving a first order time derivative would 
take the form of:
G ( / )  = f ^  (5.13)
dt
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where /  is the function to be solved for and G is some spatial operator. Obviously, 
(5.13) relates to time as a continuum, and a straightforward time discretisation o f the 
equation would be:
, ,  V A n + \ )  _  A n )
G (/  ) At (5'14)
where n is a time step number, is the value o f/ at the n’th time step, and At is 
the time between two steps. The scheme in (5.14) is known as forward differencing, 
and a similar scheme known as backward differencing also exists. A slightly more 
complex, but more accurate, scheme known as central differencing is also often used 
by practitioners, and all three schemes are discussed in [134].
The solution to (5.14) at step n+1 can readily be seen to be:
/ ( ”+1) = A /G ( /(w)) + / ('7) (5.15)
This has the advantage o f being fast to compute since the spatial operator represented 
by G would simply constitute a matrix multiplication against stored values in an 
FEM implementation, and no matrix inversion would be required at each time step. A 
disadvantage is that, for the reason outlined in the previous section with regard to 
diffusion, the solution can become numerically unstable if a sufficiently small time 
step is not chosen. The specific limit on step size can be established using a technique 
such as von Neumann’s stability analysis. Despite this restriction, the fact that no 
matrix inversion is required means that this type o f time-stepping yields solutions 
relatively quickly, and it is known as explicit time-stepping.
Unfortunately, analysis o f the governing equations for the FEM models in this work 
reveals that matrix inversion must be performed at every time step, which is known as 
implicit time-stepping. Consider again the first governing equation (4.21) which is 
reproduced below:
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(5.16)
When (5.17) is implemented as an FEM model using the mixed edge and nodal 
element spatial discretisation described in Section 4.4, and the Galerkin weighting 
system o f  Section 4.5, a matrix equation resembling the following will result:
where f  is a column matrix containing the edge and vector coefficients o f Te and O;
the input to the system; and S, M, A, and B are matrices containing zeros and entries 
arising from the spatial discretisation o f  each term in (5.17). A forward differenced 
time stepping scheme based on (5.18) would resemble:
at the next time step, the matrix M must be inverted at each step. That inversion 
makes this form o f implicit time-stepping computationally expensive in comparison 
with the explicit scheme referred to above, particularly when one remembers that 
similar restrictions apply with regards to time step size and numerical stability. The 
use o f an implicit scheme in this work is, however, unavoidable.
Sf ( t)  + = - A s ( f )  “
W  dt w  dt
(5.18)
s is a column matrix containing the (already known) Ts edge coefficients which are
(5.19)
M (f("+1) -  f (w)) = -A /S f(,,) -  AtAs(n) -  b ( s ("+,) -  s(n)) (5.20)
f (”+>) = f («) + M -i _ ArSf ("l -  AtAs{n) -  b ( s ("+1) -  s("}) (5.21)
Thus to obtain containing the edge and node element coefficients o f Te and O
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5.4 Improved Implicit Time Stepping
Given the necessity o f  using implicit time stepping in this work, it would be useful if  
it were possible to keep computation time to a minimum by using as few time steps as 
possible -  i.e. time steps that are as long as possible. In the differencing scheme o f the 
previous section, numerical stability places a restrictive upper limit on step length. 
However, a way o f  circumventing this limit is described in this section.
In this scheme, the time derivatives in the governing equations are replaced, not by
simple discrete time difference terms, but by approximating them using a one
dimensional finite element scheme in time. The scheme is essentially an application 
o f techniques similar to those o f [136] and [137], and may be understood by 
considering the T-O formulation’s first governing equation as expressed in (5.18) 
from the previous section and reproduced below:
S f ( / )  + M ^ ^  = - A s ( < ) - B ^ ^  (5.22)
w  dt y J 8t
Approximations o f f  ( /)  and s ( /)  to a first order over the interval between the time 
steps at t = f("+1) and t -  may be expressed as:
f  ( /)  = (1 -  r ) f (w) + r f("+,) (5.23)
s ( /)  = (1 -  r )s ^  + rs^+1^ (5.24)
where
T =
t ~ t {n)
f(n+]) _
t ~ t
At
(«)
(5.25)
and
d f ( t )  df  ( t )  d r  f (w + l)  _  J.(n)
dt d r  dt At
(5.26)
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ds( t )  ^ ds( t )  d r  = s(w+1)- s (w) 
dt d r  dt At
In this scheme r may be thought o f as a basis function for the approximations o f f  (r) 
and s ( / )  with s^ "+1^ and s^ a s  ID finite element nodal values. If r is  also
selected as a weighting function, then a Galerkin weighted residual method may be 
employed to set the weighted average residual error in the representations o f f  (z1) and
s ( t )  over the interval to zero:
i f  *> («+ !) <•(«) ( « + i )  M 1
jj  sj^(l -  r ) f ^  + J + M  — + A^(l — r ) s ^  + rs^+1^  + B - — —^  Ir  dr
(5.28)
.^f(w) + ^ .f(w+o + ^  f(”+i) _ m f(") + + A s(-+o + ^ g(w+|) _ _®_s(w) _ q
6 3 2A t 2At  6 3 2At  2A t
(5.29)
M ^
+ f (w)
f s
M ) + s("+,,f
"A B N
I + .M
fA B "j
( ----- — + -----
2A t ) u 2 At ) , 3 2 A t j u 2Ar J
(5.30)
f  M S) JrW f M -  s(”+1)l
' B A^ f  B A^+ —  f  ----- ---- + — + s{ ’ -----
[ 2  At 3 J 1 U a  / 6 j K2At 3 J { 2  At 6 J
(5.31)
Thus (5.31) represents a matrix equation which can be solved at each time step to 
obtain the vector matrix f^,+1^ containing the edge and node element coefficients o f  
Te and <1> at that time step.
This scheme can be seen to be a slightly different representation o f  that described in 
[138]. Consideration of the basis function r in (5.25) reveals it to be the same as that
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in Figure 10.3(e) o f [138], when that reference’s parameter 0  takes the value % . In a 
later section [139] in the same work, it is seen that the scheme is unconditionally 
stable when Q >  / 2 . Therefore the Galerkin time stepping scheme described in this 
section is numerically stable regardless o f the time step size. The scheme that results 
from using 0  = / 2 is known as the Crank-Nicolson scheme, and suffers from 
somewhat less truncation error than the Galerkin scheme [140]. However it is prone to 
exhibit oscillatory behaviour [141] and, since it was desired to avoid such behaviour 
whilst undertaking this work, it was decided to use the Galerkin scheme instead.
Since the Galerkin time stepping scheme is unconditionally numerically stable, it is 
possible to choose longer time steps than would be possible when using the 
differencing scheme o f the previous section. This helps to alleviate the problem o f  
lengthy program run times when using implicit time stepping. In theory, the choice o f  
step size is then a trade-off between acceptable solution accuracy and program run 
time. Smaller time steps produce a more accurate FEM solution in a similar way to 
that in which a fine spatial mesh give better accuracy, but this is at the cost o f greater 
computation time. The choice o f step size is covered in detail in Section 5.7.
5.5 The Time Domain T-O Formulation Used in This Work
Given that the Galerkin time stepping scheme has been chosen, it is then possible to
obtain the time domain equivalents o f the frequency domain governing equations
presented in Section 4.7 for the T-O FEM formulation used in this work. The 
amendments o f Section 4.10 for 2D axi-symmetry will be included at the end o f the 
presentation below.
Let r be as in (5.25), the edge and nodal element coefficients o f Ts, Te and O 
respectively be:
s ( /)  = (1 -  r )s ^  + rs^+l^  (5.32)
e ( t )  = (1 -  r ) e ^  + re^"+1^ (5.33)
Richard Hughes 132
Improving The Focality O f Magnetic Stimulation Coils: Chapter 5
O (r) = (1 -  r ) 0 {n) + rO ("+1) (5.34)
and
d s(/)  ds ( t ) d r  s(”+I)- s (w)
dt d r  dt At
de( t )  de( t )  d r  e^+1^ - e ^
dt d r  dt At
0 ® (/)  d<b(t) d r  ® ("'>-®<"'
dt d r  dt At
(5.35)
(5.36)
(5.37)
Let the first governing equation (4.21):
V X 11 V X (T. + T .) j = + T, -  V® ) (5.38)
V x | —V x T  | + — //T  //V® + V x f — V x t  |  + — //T  = 0  (5.39)
cr ) dt dt v cr dt
after spatial discretisation and spatial Galerkin weighting be represented as:
A e (/)  + -  c  + Ds(?) + = 0 (5.40)
w  dt 81 v '  dt
Temporal Galerkin weighting o f (5.40), in the same manner as (5.28) -  (5.29) in the 
previous section, leads to:
A e<-)+ A e("+i) + _ 2 _ e(n+i) ^  c(w) _  ^  >^(w+|) + +
6 3 2At 2At 2At 2At ^  41^
®  (n) i ®  (»+i) ®  (w+0  M  r\— S W H-----S 'H S ’  S - 0
6 3 2At 2 At
2A?Ae("+1) + SBe'"*0 -  3C ® '"1’
= -2ArDs("+l) -  A/Ds'"1 -  3Es("+l) + 3EsW -  At A c 1"1 + 3Bew  -  3C®'"1
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Applying a similar representation and then the temporal Galerkin processing sequence 
to the second governing equation (4.22) yields:
~ V . / / ( T S +T c -  V<J>) = 0 (5.43)
dt
A v . / zT, -  V .//(V O ) + 1 :V .//T , = 0 (5.44)
dt dt dt
de( t )  dO (r) ds( t )
F — ^ - G  —  + H — —  = 0 (5.45)
dt dt dt
F (B+1) — L e(”) _ _ ^ _ o (”+1) + — 0 (w) + — s(”+1) s(w) = 0 (5.46)
2At 2 At 2 At 2At 2AI 2A t
3Fe(”+1) -  3GO(n+I) = -3 H s("+1) + 3Hsw + 3Fe(n) -  3GO(”) (5.47)
which contains the common coefficient o f three in order that the e^,+1^ term has the 
same coefficient as the second e("+1^ term in (5.42); this allows the eventual matrix 
equation to have a symmetric matrix
Similarly for the third governing equation (4.23):
— V .//(T s -V<D) = 0 (5.48)
— V.//(VG>) + — V-//Ts = 0 (5.49)
dt dt
d O (/)  ds( t )
- J  — + K — —  = 0 (5.50)
dt dt
_ L fl)(”+|) + _ ^ _ 0 ,") + — s(”+l)- — sw = 0  (5.51)
2A t 2At 2A t 2A t
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- J O ("+1) = - K s ("+1) + Ks(n) -  J<S>{n) (5.52)
(5.42), (5.47) and (5.52) may now be combined with the frequency domain 
representation in Section 4.7 o f the FEM equation system to be solved in this work to 
give the time domain version o f  the equation system. To do this, (5.42) is combined 
with (4.61), (5.47) with (4.66), and (5.52) with (4.68). When the amendment to the 
formulation for 2D axi-symmetry given in Section 4.10 is also included, and careful 
attention paid to minus signs from both sets o f equations, the following equation 
system arises:
x N, j*(V x Nj)dfi 1 + jr i,/''+l*3 J //rN,.NjdQ
- 2 ] j l> ,("+l)3 j / / r ( V A ^ N jCK lj =
- | j | r „ (”*l)2A( j | —rV  x N. j . ( v  x N ^ d f l j  -  £  j ^ A /  rV x N, j*(V x N j d D
L <-*03 J //rNl.N jd n |  + 7 \ w 3 J ^ N .-N jd n
' = > I Oc J '=1 [ Qc
- x j r / w  x N i j ^ V x N j J d n j  + ^ j r ^ " ^  J//rN,-NjdQ
- ] M  <I>,(”)3 {  //r(VAT, ).N,dQ
(5.53)
- £ k (”+l>3 j //r N ,-V A r d n | + 2j|<J>j(”+l)3 |//rVAr, .VATdnj =
£  jr „ ("+,)3 J ^ N . - V ^ d n j  -  | / /r N ,- V ^ d a J  (5.54)
- ± \ T j " ] 3 J jurN ^V N jdn  I + £  j 0 ,w 3 J /urVN, •VJV;dQ
'=1 n.
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In (5.53), (5.54) and (5.55) notation is as in Section 4.7 except for r, which is as in 
Section 4.10, and the superscripts and At, which have the same time stepping meaning 
as earlier in this section.
This is the equation system that will be solved at each time step in the 2D axi- 
symmetric FEM models in the remainder o f this work to give the values o f the edge 
and nodal element coefficients o f Te and ® at each time step. Together with the edge
coefficients o f the known input function Ts at the same time step, these may be used
to obtain the magnetic field at that time step using (4.20), which may be post­
processed as required. The FORTRAN FEM program developed in this work and 
referred to in Section 4.9 was extended to incorporate time domain modelling using 
this equation system. The infinite finite elements referred to in Section 4.8 were 
retained, and the symmetric matrix three-term recurrence without look-ahead version 
o f the QMRPACK iterative solver referred to in Section 4.11 was also retained albeit 
using double precision rather than complex variables.
5.6 Ts in the Time Domain and Initial Conditions
In Section 4.3 it was explained that, in the T-® FEM formulation used in this work, 
the model’s input, Ts, is chosen to be the magnetic field that would arise due to the
conductors carrying their prescribed through currents at DC. The problem, due to the 
governing equations, boundary conditions and AC nature o f the problem, then 
becomes one o f  solving for the corrective magnetic field Te -  V® which, when added
to Ts, gives the true AC magnetic field as in (4.20). In Section 4.6 it was shown how
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to obtain Ts, and this method was then used to obtain the input for the frequency 
domain models in the remainder o f Chapter 4.
When modelling in the time domain, it is required that the total current through a coil 
be able to vary according to some arbitrary current drive function in time so that the 
coil’s model can eventually be coupled to a lumped circuit model o f a stimulator, for 
the reasons explained in Section 4.9. From the previous section, it can be seen that the 
edge element coefficients o f Ts are required to be known at every time step. These 
can be obtained at every time step by using knowledge o f the value o f the total current 
through the coil at a time t = / ”+I^  to calculate a DC magnetic field distribution as in 
Section 4.6, thus giving the input coefficient for each edge at that step. The
problem is then one o f solving for the corrective magnetic field Te^ ”+1^ -  VO^+1^ given 
the boundary conditions, the current time step DC field T^”+1^ , and the total AC field
at the last time step + Te^  -  V O ^ , using the equations (5.53), (5.54) and (5.55) 
from the last section.
Having to calculate Ts^ "+1^ at every time step may seem cumbersome, but, in reality, it 
is only necessary to solve the DC FEM problem o f Section 4.6 once using a through 
current o f 1A. Edge coefficients for t /"+1^ may then be obtained by simply
multiplying each Ts edge coefficient at 1A by the through current at t = t ('n+iK The
time spent solving a single smaller FEM problem to obtain the distribution o f Ts is
therefore very little in comparison to the time taken to solve the main time stepped T- 
O formulation FEM problem. Thus the benefits o f using T-O given in Section 4.3 are 
not outweighed by the cost o f having to calculate Ts .
The initial conditions for the main T -0  formulation problem must also be considered. 
Given that current is deemed to first flow in the coil at time / = 0, the conditions at 
time t = ( 0 -  At) are simply t^ 0-a  ^ = _  q ancj _ q . The model can
then get underway in a physically realistic manner at t = 0 by solving for Te^  -  V<D^
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given that a through current has just started flowing whose DC distribution is 
calculated via the method described in this section.
5.7 Equation System Conditioning and Establishing a Suitable Time 
Step Size
In Section 5.4, it was seen that the Galerkin based implicit time stepping scheme to be 
used in this work is numerically stable for any choice o f time step size. It was also 
explained that, with the scheme, smaller time step sizes should improve solution 
accuracy in a similar manner to that in which a finer spatial mesh gives better 
accuracy. In this section, the question o f what is an appropriate time step size to be 
used in the remainder o f this work will be addressed, and it will be seen that this is 
somewhat linked to the conditioning o f the resulting matrix equation system.
To illustrate this analysis, consider the meshes o f Figure 5.1 which show a radially 
axi-symmetric torus o f conducting material discretised at two levels o f fineness 
surrounded by air. The torus has a radius o f 4.1mm and the conductor cross-section 
has a radius o f 2mm. In the analysis, a current o f 3000A is to flow through the torus at 
a frequency of 4kHz. The task will be to use this work’s time domain FEM program 
to obtain the magnetic field magnitude at an arbitrary point within the conductor with 
cylindrical coordinates r=5.9941358mm z=0.18687051mm given that the torus’s 
centre is at r=z=0, and the z axis corresponds to the torus’s axis.
To undertake the analysis, frequency domain models o f both meshes were first solved 
using the axi-symmetric T -0  FEM formulation FORTRAN program whose equations 
appear in Section 4.10, and the magnetic field magnitude at the point obtained. Then, 
the time domain FORTRAN code discussed in Section 5.5 was run for both meshes 
using several different time step values. A current function o f 3000 sin (2/r • 4000/)
was used to drive the time domain models and the magnetic field magnitude at the 
point was calculated after two and a quarter periods o f the sine wave had passed,
Richard Hughes 138
Improving The Focality O f Magnetic Stimulation Coils: Chapter 5
A x is  o f  sy m m etry 4 - '  A x is  o f  sy m m e try
Figure 5.1 - Fine and coarse meshes for axi-symmetric torus
when the current would equal 3000A. so that a direct comparison o f  the frequency 
and time dom ain results could be made.
As reported in Section 4.6. a singular finite element curl-curl matrix arises within the 
FEM equation system to be solved in this work. This leads the system to be very ill- 
conditioned. which can result in difficulties when solving problems, including the one 
discussed in this section. An estimation o f  the I-norm condition num ber [152] for the 
fine mesh problem o f  Figure 5.1 obtained using a double precision version o f  the 
CON routine from the publicly available N A PA CK  library (part o f  NETL1B) was 
2.25x10“', and 5.07x10“ ' for the coarse mesh, indicating that the overall equation 
system is almost singular. When trying to solve both meshes, it was found that, 
whatever time step size was used, ill-conditioning led the time domain Q M R PA CK  
solver, referred to in Section 5.5. to stop processing after five iterations and report that 
an A-invariant subspace had been found. According to [146]. the occurrence o f  that 
report means that the solver should have been able to proceed to the correct solution, 
but that the report arose because either the user defined convergence tolerance was
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too strict (too low), or the check for invariant subspaces was too loose (too high). In 
this work, it was found that the solver terminated early due to an A-invariant subspace 
even when high convergence tolerance numbers, e.g. 0.1, were used or the tightest 
possible tolerance parameter for invariant subspace checking was used, i.e. the 
machine epsilon value [147] for IEEE double precision arithmetic (2'52). This was 
ultimately due to the nature o f the problem’s ill-conditioning which caused the 
number calculated by QMRPACK in order to judge whether an invariant subspace 
had occurred to be much lower than the epsilon value for double precision arithmetic 
even though the solver had not yet converged on a valid solution.
Several methods could be used to deal with QMRPACK’s invariant subspace report. 
One method would be to increase the arithmetic precision used for calculations 
thereby reducing the machine epsilon value, and allowing a smaller/tighter tolerance 
parameter for invariant subspace checking to be used. Fortran 90 allows precision 
greater than double to be used and, since the source code for QMRPACK is available 
in the public domain, this could be converted to work in higher precision. This is 
undesirable, however, since computation time and computer memory storage 
requirements are increased.
Another method, would be to divide the equation system (5.53), (5.54) and (5.55) 
throughout by A t . This changes the nature o f the ill-conditioned system to the extent 
that QMRPACK is able to solve for and obtain valid solutions for some time values, 
even though the system is still ill-conditioned -  condition numbers for the 4kHz
91 90problems in Figure 5.1 were then 2.34x10 and 9.99x10 for the fine and coarse 
meshes respectively. For the coarse mesh, valid solutions that compared well with the 
frequency domain solution were obtained in this way with time step sizes o f 1.75 x 
10"5 s and larger, and 1.25 x 10"5 s and larger for the fine mesh. Below these time step 
sizes, the solution varied widely and unpredictably. In this method, the invariant 
subspace report is avoided, but the equation system is still ill-conditioned and valid 
solver convergence is particularly sensitive to the magnitudes o f the values in the 
matrix, which depend on time step size and mesh geometry (in general, the finer the 
mesh, the smaller the time step size that can be used). Additionally, valid solver 
convergence may be impossible at time step sizes that are low enough to adequately 
represent high quasi-static frequencies (i.e. up to 10kHz) with some geometries.
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Therefore, this method o f  avoiding the invariant subspace report will not be used in 
this work.
A more reliable method would be to improve the condition o f  the equation system by 
using an algorithm known as a pre-conditioner. Many different algorithms exist [149], 
and different ones are better suited than others to certain problems. Each algorithm 
involves the cost o f  some additional computation on the equation system, but this 
must be weighed against the improvement in solution convergence. The exact choice 
o f  the most optimal pre-conditioning technique for this w ork 's  FEM formulation 
could be the subject o f  lengthy work in its own right, and. in order to have time to 
complete the other work reported upon in this thesis, such an investigation was not 
undertaken. Instead, a decision was made to use the two-sided ILUT preconditioning 
algorithm [150] for the reasons that it is included in some distributions o f  
Q M R PA C K . a pre-compiled processor optimised version was readily available at 
hand, and reliable results have been reported when it has been used with Q M R PA C K  
for other problems e.g. [151], A problem with ILUT is that it destroys the symmetry 
o f  the equation system, and this meant that the less efficient non-symmetric version o f  
the Q M R PA C K  solver routine had to be used for the remainder o f  this work. 
However, with this w ork 's  2D axi-symmetric models, computation times increase by
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Figure 5.3 - Magnetic field magnitude at point within torus modelled using a coarse mesh
only a small percentage when ILUT and the non-symmetric solver are used instead of  
the symmetric solver.
Figure 5.2 and Figure 5.3 show the calculated magnetic field magnitudes at the 
nominated observation points in the fine and coarse mesh models o f the problem 
specified earlier in this section. The time domain lines show the values calculated 
using the ILUT preconditioner with the non-symmetric QMRPACK solver, and the 
values calculated using the frequency domain code based on the equations o f Section 
4.10 (single values for each mesh) are shown as horizontal lines to make comparison 
with the time domain easier. It can immediately be seen from the figures that, not 
unexpectedly, the frequency domain modelled field magnitudes differ between the 
two meshes by some 4% (1.920 x 10’1 V/m on the fine mesh and 1.997 x 10"1 V/m on 
the coarse mesh) because o f the meshes’ different spatial discretisation.
However, with both meshes, it can also be seen that, as the time step size is reduced, 
the time domain field magnitude values converge gradually onto the frequency 
domain values before remaining very close to those values as the time step is further 
reduced until a critical point is reached where the time domain values diverge 
dramatically. It is noticeable that convergence to the frequency domain value occurs 
at the same time step value o f 2.6 x l0 ‘5s in both meshes. This confirms that the mesh
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density had no influence on convergence, and that convergence occurs when the time 
step size is small enough to adequately represent the frequency content o f the current 
through the conductor, i.e. 4kHz in this example. Repeating the analysis at 10kHz, it 
was found that convergence occurred at 1.0 x l0 '5s.
Even when using the ILUT preconditioner, QMRPACK iterative solver convergence 
is still somewhat sensitive to matrix values, but less so than when the equation system 
(5.53), (5.54) and (5.55) was divided throughout by A t . In the above example, with 
ILUT, the time domain solutions are seen to diverge from the frequency domain 
solutions at time step sizes below 5.0 x l0 ‘6s and 6.25x10'6s respectively for the fine 
and coarse meshes. Below 1.0 x l0 '6s, either the solver cannot converge on a solution 
or an A-invariant subspace error is again reported. Therefore, it can be seen that both 
time step size and particular spatial mesh density affect matrix conditioning and 
solution convergence. If higher precision arithmetic is used, valid solutions can be 
obtained, confirming that the formulation itself is not at fault. However, as it is not 
desired to use greater than double precision arithmetic in this work, the time step size 
used should not be too low given the mesh density that is to be used.
In Section 4.12, it was seen that good results were obtained for the current density 
distribution and the magnetic field around a Magstim HP90 coil with the frequency 
domain FEM program developed in this work and the particular mesh used. This 
means that the skin and proximity effects referred to in that section were adequately 
represented in the model. Therefore, it is proposed to use meshes having the same 
spatial density within conductors, and in their vicinity, in the coil models o f  the 
remainder o f this work. That spatial mesh density is the same as that used in the 
conductor in the fine mesh in this section, and can be selected by using a value o f 3.0 
x l0 ‘4 for the characteristic length parameter o f each point used to define a conductor’s 
geometry in the gmsh meshing program.
Now, since it is desired to be able to represent frequencies up to 10kHz in the models 
o f new coil shapes later in this work, the results o f this section suggest that, if results 
o f a similar accuracy to those from a frequency domain model o f  a coil resonant at a 
single frequency are desired, a time step no larger than 1.0 x l0 '5s be used. 
Additionally, to avoid solver convergence problems with the mesh density proposed
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for use, the results above suggest that a time step larger than 5.0 x l0 '6s should be 
used. Therefore, it is proposed to use a time step o f 1.0 x l0 '5s with the time domain 
axi-symmetric T-O FEM formulation FORTRAN program in the remainder o f this 
work.
Given that dependable results had been obtained using the iterative solver for the time 
step size that is intended for use in this work it was decided to retain this method of 
solution for the remainder o f this work. This was in preference to implementing the 
tree-cotree Coulomb full gauging method referred to earlier which would remove the 
singularity form the equation system being solved.
5.8 A Time Domain FEM Model of a Magstim HP90 Coil
In this section, in order to verify this work’s time domain FEM program, the results o f  
using the program to solve an equivalent time domain model o f the HP90 coil to that 
solved in the frequency domain in Section 4.12 will be presented. In the model, the 
same mesh was used, and two and a quarter periods o f the current function 
3880sin(2/r • 2500/) were used to drive the model so that the results, at peak current,
could be compared directly with those o f the frequency domain model. The time step 
used was 1 .0x10'5s for the reasons explained in the previous section.
The magnetic field was calculated at points along several lines below the coil using 
the time domain FEM program in a manner similar to that done with the frequency 
domain program. The mesh described in Section 4.12 with thin layers o f finer mesh 
for 1.5mm above and below each line containing field observation points was used in 
this analysis. The magnetic flux density was calculated using B = /dH so that a 
comparison could be made with the measured flux density data supplied by The 
Magstim Company Ltd that is discussed in Section 4.12 for a HP90 connected to a 
Magstim Rapid biphasic stimulator resonant at 2.5kHz. Plots o f the radial and 
vertical components o f the magnetic flux density are shown in Figure 5.4 and Figure
5.5, where it can be seen that the values computed using the time domain FEM 
program compare well with the Magstim supplied measured values. It can also be
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Comparison of Br along radius at range of distances below Magstim HP90 coil
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Figure 5.4 - Radial component of the magnetic flux density at points on lines below A HP90 coil 
calculated using the time domain T-<P model compared with experimentally measured values
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calculated using the time domain T-<l> model compared with experimentally measured values
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seen, by comparing Figure 5.4 and Figure 5.5 to Figure 4.16 and Figure 4.17 in 
Section 4.12 that the flux density values obtained using the time and frequency 
domain programs compare favourably.
Thus, in this section, it has been demonstrated for the first time that the time domain 
2D axi-symmetric T-O formulation can be used successfully to model the skin and 
proximity electromagnetic effects in appropriate coil shapes by approximating them 
as groups o f  concentric loops. In the above example a sine wave current function was 
used as input so that the results could be compared to those o f the frequency domain 
program. However, any current function could be used, e.g. the wideband pulse due to 
a monophasic stimulator, so long as frequency components above the quasi-static 
limit o f 10 kHz are not present.
Nevertheless, in the previous section, it was seen that matrix conditioning is an 
important issue in the time domain, and that scope exists for future work to identify 
optimal preconditioning methods for this problem. However, given the successful 
results presented in this section and the last, it was decided that the time domain 
FORTRAN program developed in this work would form the basis for the stimulator 
circuit coupled FEM simulation program that will be the subject o f the remainder o f  
this chapter.
5.9 Background to Coupling a T-O FEM Coil Model to a Lumped 
Circuit Stimulating Machine Model
The particular problem o f having to solve an FEM model o f a stimulation coil coupled 
to a lumped circuit model o f a magnetic stimulation machine falls into the general 
category o f problems known as coupled field-circuit problems and more broadly into 
the category o f FEM problems referred to simply as coupled systems. Previous 
literature exists discussing both problem categories, examples o f which will be given 
below.
Richard Hughes 146
Improving The Focality O f Magnetic Stimulation Coils: Chapter 5
In [153], Tsukerman et al review methods and accomplishments in dealing with two 
dimensional coupled field-circuit problems for eddy currents, although the discussion 
does not specifically involve the T-d> FEM formulation. Bedrosian [154] presents a 
new circuit coupling method applicable in two and three dimensions, but the 
discussion is confined to the A-V potential based FEM formulation. Dular et al [155] 
report a method which may be used to naturally couple field and circuit models, and it 
may be seen that this is directly relevant to the T-O FEM formulation in both two and 
three dimensions. Also, Zhou et al o f Ansoft Corporation present two quite different 
methods [156], [157] o f coupling FEM models o f transients in multi winding power 
machines to circuit models, and the method o f [156] is applied in three dimensions 
using the T-O formulation.
From the above and other literature, it may be seen that coupled field-circuit problems 
may be solved using one o f two methods. In the so-called direct method, the equations 
describing the lumped circuit model are incorporated into the FEM equation system 
and the whole system is then solved simultaneously. Alternatively, in the indirect 
method, the FEM model and the circuit model are solved as distinct systems which 
exchange key parameters sometimes known as coupling coefficients with each other 
in a time stepping procedure.
Both the direct and indirect coupling methods have advantages and disadvantages. 
The direct method’s chief advantage lies with computational stability and efficiency. 
In the method, only one time stepping procedure applies to the whole coupled system 
and, if  a time stepping process such as the Galerkin method o f Section 5.4 were 
employed, then unconditional stability o f the system could be ensured. Nevertheless, 
in the direct method, the circuit model’s equations are embedded into the part o f the 
FEM computer program that assembles the FEM matrix equation system.
The indirect method’s advantages are that the circuit and FEM equation systems are 
quite separate from one another and are therefore conceptually clearly delineated and 
understood. Both parts o f a coupled model may be specified separately from one 
another, and changes may be made to the circuit equation model without interfering 
with the FEM model’s equation system. This separate specification extends to the 
nature o f the time stepping technique used, and different stepping techniques and time
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step sizes could be used for the circuit and FEM models. This flexibility led to the 
indirect coupling method being adopted in the remainder o f this work.
The indirect method’s main disadvantage is that the choice o f what would seem like 
the most optimal time stepping technique or time step size for one part o f the coupled 
model could cause the whole model to become numerically unstable. This is similar to 
the case o f the coupled FEM systems discussed by Zienkiewicz and Taylor [158], 
where two FEM models are indirectly coupled via coupling coefficients which act as 
boundary conditions in the models. In that work [159], the authors show that, if  
implicit time stepping schemes such as the Galerkin or Crank-Nicholson schemes 
discussed in Section 5.4 are used in both parts o f the coupled model, the whole system 
is unconditionally stable. However, if  only one half o f the coupled model uses such a 
scheme, stability in the coupled system requires that stability' is ensured in the part o f  
the system not using such a scheme by appropriate choice o f time step size when that 
model part is considered without its coupling terms. As has previously been seen in 
this chapter, the time stepping scheme to be used in the remaining FEM models o f this 
work is the unconditionally stable Galerkin scheme. Therefore, in this work, the 
lumped circuit model must be made either unconditionally stable or stable when 
considered as a separate entity for a certain time step size. The particular time 
stepping technique to be used for the circuit models in the coupled models o f  this 
work will be presented in the next section and it is considered to be stable for the time 
step chosen, thus ensuring stability o f the coupled models.
5.10 A Time Stepping Scheme for the Stimulator Circuit Model
In this section, the time stepping scheme to be used in the stimulating machine circuit 
models that will form part o f the coupled coil / stimulator circuit models in the 
remainder o f this work will be described. Since, it is only intended to present later in 
this thesis examples o f the coil geometry optimisation process involving coils being 
used with a Magstim Rapid2 biphasic stimulator, the derivation that follows in this 
section will only be given for a biphasic stimulator, and will be specific to that 
stimulator type. Nevertheless, it is quite possible to derive a time stepping scheme for 
a monophasic stimulator circuit.
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Consider the circuit o f  Figure 5.6 which is a simplified representation o f  a biphasic 
stimulator coupled to a stimulating coil. In the circuit, Rs and Ls represent the 
equivalent resistance and inductance o f  the stimulating machine and the lead 
connecting it to the coil, C s is the stimulator's main discharge capacitor, and r(. and
lr are the resistance and inductance o f  the coil (which change over time during the
current pulse through the coil because o f  the skin and proximity effects described in 
Section 1.4 and are related to the frequency content o f  the current pulse). The total 
resistance and inductance in the circuit at a particular time would be given by:
r (>) = Rs + rr ( l )  
l ( , )  = Ls +/ , . ( / )
(5.56)
(5.57)
By applying K irch h o ffs  Current Law [203] in the circuit, the following may be 
obtained:
g ) - C ± clt
(5.58)
i(t)
A/VV
C o i l
Figure 5.6 - Simplified circuit representation of a biphasic st imulating machine and coil
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d i ( t ) 
d t
+- r ( O ' C O =  0 (5 .59)
1 . /  \
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p r  ' ( 0  +  + + J' + =  0 <5 -61)C s dt d t dtt d t  a t
The objective iin ithe circuit modeB w ill be to calculate i(t)  at the next tim e step given  
know ledge o f  what the other circuit parameters are (including the m ost up to date 
value's o f r and / and their derivatives). T herefore, let the continuous current 
derivatives in <(5.61) be converted into discrete tim e stepped form  using a central 
differeenced approxim ation for the second derivative and a  forward differenced  
approximation for the first derivative:
d 2v { t )
dT
z‘ , -  2 / + /m+  J________ tv______n -
\ 2( m )
(5-62)
dii( t)
dt
i(t„+0 -»(0
A t
(5 .63)
where? n refers to the tim e step number and At to the tim e step size. Let also the 
valuess o f rc and i c used to> obtain r and / be the values obtained from post-processing
the results o f  the co il FEJVI m odel at the m ost recently com p leted tim e step — i.e. step  
n. Finally, let the vallues o f  r  and / at the tw o  m ost recently com pleted time steps — i.e. 
steps m and n -1 -  be used to convert the continuous r  and / derivatives :in (5 .61) into 
discrete form using the backward differenced approxim ations:
d r [ t )
d t A t
<5.64)
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d l ( t)
dt At
(5.65)
If (5.62) to (5.65) are substituted into (5.61), the following is obtained:
C
' l n+l  +  l n
i , — 2/ + i ,m + 1 n n-1
At2
+ K+\ in II K K-l
At At
*w+1 ln
At
+ 1n+\
Vn rn - \  | =  0
At
(5.66)
21
(A/y
i  - i ,» w-l
(A ,)2
+
At v ( M  , (5.67)
+
(A ') (A/)
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CsAt
Thus, in this work, the above circuit will be coupled to a time domain FEM coil 
model with the coil drive current (/w+]), rc and lc as the coupling parameters. At the 
instant the simulation begins, just before the stimulator capacitor starts to discharge 
into the coupled circuit, no current will be present in the coil and rc and lc assume
values reflecting the fact that no skin or proximity effects are present in the coil. 
Then, as current flow progresses, the secondary currents induced in the coil would 
change depending on the magnitude o f the coil’s through current and the rate o f  
change o f through current at a particular time. Thus, as stated above, the instantaneous 
rc and lc values differ at different times -  this behaviour, although known of, has not
been explicitly reported upon before in relation to stimulation coils and is illustrated 
for the first time in that context in Appendix C. The inductance o f a coil is in fact a 
property o f the coil’s geometry; however, here, the secondary currents have the effect 
o f changing the geometry o f a coil from an electrical point o f view meaning that 
inductance changes with the secondary currents.
In light o f the above, the solution process for the coupled circuit FEM models in this 
work will be as follows:
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1) Calculate rc and lc for the situation where no skin and proximity effects exist 
using the FEM program and the procedure detailed in the next section -  this 
may be done by stopping the FEM program after the DC equivalent Ts
distribution has been derived for a dummy current o f 1A and using H = Ts and 
a 1A current in the procedure detailed.
2) Use the calculated rc and lc values to derive the drive current for the FEM
program for the first time step using (5.67) given that the current at the 
preceding time step (t = 0) was zero.
3) Solve the time domain FEM model and post-process the results as explained in 
the next section to obtain the latest instantaneous rc and lc values.
4) Use these values in (5.67) to obtain the FEM model’s drive current for the 
next time step, and then return to stage three.
This iterative process should be continued until the current pulse through the coupled 
biphasic system reaches its first peak. The time o f  this first peak represents TB/ 4 ,  i.e.
one quarter o f the resonant period in the biphasic circuit representation discussed in 
Section 1.3 upon which equation (2.6) in Section 2.3 is based. That equation will be 
used later in this work when illustrating the functioning o f the Main Module o f this 
work’s proposed ‘tri-modular approach’, and it is for that equation that the 
interpolated values o f coil resistance and inductance referred to in Section 2.5.3.2.1 
are required. Therefore, after completing the circuit coupled time domain FEM model, 
it is necessary to convert knowledge o f the coupled circuit’s resonant frequency to 
knowledge o f the coil’s resistance and inductance at that resonant frequency which 
can later be used in constructing the interpolated values after models o f different coil 
sizes have been run. To undertake this conversion, first calculate the biphasic resonant 
frequency:
/ » = 4 x y  (5-68)
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Then, at f B, run one frequency domain FEM model o f the coil using the equation 
system o f  Section 4.10 and a dummy 1A drive current. The results o f that model 
should then be used to calculate the coil’s resistance and inductance at f B which are 
the values required from the FEM modelling to be undertaken in this work.
It will be noticed that the solution o f (5.67) at stage two o f the coupled circuit iterative 
process requires knowledge o f the circuit current at the time step at t = 0 -  A t . 
Additionally, the current at t = 0 is zero. Clearly, no current flows in the circuit until 
the operator triggers the stimulator to begin discharging its capacitor. Nevertheless, 
for the circuit simulation to proceed, it is necessary for the current to possess some 
rate o f  change at t = 0. A suitable rate o f change may be imposed by considering the 
circuit in Figure 5.6 at t = 0. Since there is zero current at that time, there is no voltage 
drop across the resistances. Therefore, if  the initial voltage across the capacitor is V0, 
K irchhoff s voltage law gives:
d i ( t )
z - 1 2 - r . - o (5.69)
Applying the differencing scheme o f (5.63) then yields:
^ , = 0 Co-Al ^
At
- V 0 = 0 (5.70)
But il=0 = 0 ,  therefore:
V0A t
1 = 0 - At (5.71)
where L = Ls + Lc uses a value o f Lc for the coil having no skin or proximity effects 
-  i.e. the same value calculated at stage one above. Thus the initial conditions for the 
biphasic stimulator lumped circuit model are il=Q = 0 and (5.71).
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Unfortunately, it is far from straightforward to undertake an exact stability analysis 
for the lumped circuit model encapsulated in (5.67) because the resistance and 
inductance terms will change with time. Nevertheless, given that it is intended to use 
the same time step o f  1.0 x l0 '5s as the time domain FEM model, it is anticipated that 
this should prove adequate to model the circuit given that the intended maximum 
frequency will be 10 kHz. For the reasons given in the previous section, if  the circuit 
model o f (5.67) is separately stable, then the coupled circuit and time domain FEM 
model should be stable.
It would also be possible to use coil drive current and coil voltage as coupling 
parameters in the biphasic coupled stimulator / circuit model with the drive current as 
input to the time domain T-O formulation FEM model, and coil voltage as input to 
the circuit model. A suitable formula for calculating the coil voltage at the end o f each 
FEM time step appears as (27) in [162]. However, it was decided not to use that 
technique in this work since it involves applying similar integrals to the FEM model’s 
results to those described in the next section for obtaining I f  and Lc .
5.11 Calculating the Coil Resistance and Inductance
In the previous section it was seen that, in this work, it is necessary to calculate the 
resistance and inductance o f a stimulation coil both during the solution o f a coupled 
coil FEM / biphasic stimulator circuit model and after the solution o f a frequency 
domain FEM coil model at biphasic resonant frequency. This section details the FEM 
post-processing required to obtain these values, which is a development o f the post­
processing used to obtain resistances and inductances from frequency domain coil 
models in [161].
The power dissipated from a stimulation coil at a certain time (or at peak current in a 
frequency domain scenario) may be given by:
P = i2Rc (5.72)
Richard Hughes 154
Improving The Focality O f Magnetic Stimulation Coils: Chapter 5
where i is the current in the coil and Rc its resistance. Alternatively, this may be 
expressed as an integral over the coil’s conductors:
P = Jj-ErfO (5.73)
nc
where J is the current density and E the electric field. Using the constitutive 
relationship J = <jE , where a  is the conductivity, performing the dot product, and 
approximating using the FEM mesh discretisation, (5.73) implies:
P =  rfQ * 2  J — dC1
cond. elem ents V ^ elemnl
r
CJ
(5.74)
Equating (5.72) with (5.74) yields:
Rc
cond.elem ents V ^ demnt
•2
(5.75)
Thus, using (5.75), Rc may be obtained from this work’s FEM models by post­
processing the results o f the FEM model solution using 
J = V x H  = V x (T s + T e - V O ) , and using the latest coil drive current for /. 
However, a volume integral must be performed in each conductive element. In the 
axi-symmetric models o f this work this will be done by firstly integrating J 2 across 
the area o f  the finite element using the same weighted Gaussian quadrature process 
used to perform the integration o f basis functions across finite elements when 
constructing the FEM matrix. Then, the same weighting will be used to obtain an 
average length for the element by firstly calculating at each weighting point the 
circumference o f a circle whose radius is the radial distance from the point to the coil 
axis. The average element length is then the weighted average o f these 
circumferences, and the required elemental volume integral is then the product o f this 
average length and the J 2 area integration divided by the conductivity o f the element.
Similarly, the magnetic energy of a stimulation coil may be given by:
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W = —i L r (5.76)
where Lc is the coil inductance. If the coil is assumed to be in free space, or that is a
reasonable approximation, this energy may also be expressed as an integral across all 
space:
W = -  f B .H JQ  
2 J
(5.77)
a  +a,
where B is the magnetic flux density and H the magnetic field. Using the constitutive 
relationship B = p H , where p  is the permeability, performing the dot product, and 
approximating using the FEM mesh discretisation, (5.77) implies:
W
r
= 1  J f j H 2d n * ~  £  J n t f d O .
a  +a, all.elem ents \  clemrit
(5.78)
Equating (5.76) with (5.78) yields:
(5.79)
Thus, using (5.79), Lc may be obtained from this work’s FEM models in a similar
manner to Rc in (5.75). However, a similar volume integral procedure must be
undertaken in all finite elements. Note that in the frequency domain, J, E, B, and H 
are complex.
5.12 Verification of the Circuit Coupled Time Domain FEM model
So that it could be used in the remainder o f this work, the FORTRAN based time 
domain 2D axi-symmetric T-O formulation FEM program referred to earlier was
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2
expanded to include coupling to a Magstim Rapid ' biphasic magnetic stimulator using 
the coupling process described in Section 5.10. The method o f  calculating the coil 
resistance and inductance o f  the previous section was also incorporated. Additionally, 
the program was set-up to solve one frequency domain FEM model o f  a coil after 
obtaining its biphasic resonant frequency using the coupled model so that its resonant 
resistance and inductance could be calculated. In this section, it will be demonstrated 
that this particular configuration o f  circuit and FEM modelling techniques can 
correctly model a Magstim HP90 coil connected to a R apid ' stimulator.
In this section, the same FEM mesh was used as in Section 5.8. The same data
• • 9
regarding the Rapid" and its cables was used as was referred to in Section 4.12, 
specifically leading to the stimulator lumped circuit model having values Rs =  25m Q
and Ls = \pY\ . As in Section 4.12., an initial stimulator capacitor voltage o f  1530V
was used. The Magstim Company also supplied data that the stimulator’s capacitor 
has a nominal value o f  185uF.
Modelled current in circuit coupled model of HP90 coil and Rapid2 stimulator
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Figure 5.7 - Coil drive current calculated at each time step by the FORTRAN program for the 
circuit coupled model o f  a HP90 coil coupled to a Rapid2 stimulator
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Figure 5.7 shows a plot o f the current used to drive the T-O formulation FEM model 
at each time step o f  the coupled model calculated by the program using (5.67). It may 
be seen that the first current peak occurs at time t= lx l0 '4s. This implies that the 
biphasic resonant frequency is 2.5kHz. The program then solved a frequency domain 
model o f the HP90 coil at 2.5kHz with a dummy current o f 1 A, which led to a current 
distribution identical to that in Figure 4.12 in Section 4.12, albeit with dummy current 
density values. Finally, the program post-processed this model using a 1A current in 
(5.75) and (5.79) to obtain values for the coil’s resistance and inductance at a resonant 
frequency o f  2.5kHz o f  15.64 and 22.68 pH respectively.
From these results it may be seen that the biphasic resonant frequency for the 
Magstim Rapid2 / HP90 coupled system predicted by the program’s time stepped 
circuit coupled model matched the experimentally obtained value o f 2.5kHz reported 
in Section 4.12. Additionally, the modelled values for the coil’s resistance and 
inductance from the frequency domain model compare very favourably with the 
experimentally obtained values o f 16 mD and 23 pH respectively. Therefore, it would 
appear that the expanded FORTRAN program is capable o f satisfactorily obtaining 
the resistance and inductance values o f coils appropriate for approximation as groups
'y
o f concentric loops if  they were used with a Magstim Rapid , as required for 
obtaining the interpolated resistance and inductance expressions referred to in Section 
2.5.3.2.I.
5.13 Conclusions from Chapter 5
In Chapter 5 it has been shown for the first time that a time domain form o f the 2D  
axi-symmetric T-O FEM formulation can be used to successfully model the 
electromagnetic behaviour o f appropriate magnetic stimulation' coils by 
approximating them as a collection o f concentric circular loops. Good results were 
obtained for the current density distribution and magnetic fields around a Magstim 
HP90 coil carrying a through current at 2.5 kHz using an unconditionally stable 
Galerkin time stepping scheme. However, it was also found that the time domain 
formulation resulted in an ill-conditioned FEM matrix that required suitable 
preconditioning before it could be solved with the QMRPACK iterative solver. There
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is scope for future identification o f a more optimal preconditioning method. 
Alternatively, as discussed earlier, the formulation could have the Coulomb Gauge 
fully implemented, including between finite elements, meaning that the matrices to be 
solved are non-singular thus removing the concern surrounding ill-conditioning.
A method for coupling such a time domain FEM model to a biphasic stimulator 
circuit requiring the ongoing calculation o f instantaneous coil resistance and 
inductance values from the FEM model has been presented. This method only 
requires that the coupled model be time stepped until the first biphasic current pulse 
peak, at which point the model’s resonant frequency can be calculated. A frequency 
domain FEM coil model can then be used to obtain the biphasic resonant frequency 
resistance and inductance o f the coil. This method has been demonstrated to 
accurately predict the resistance and inductance o f a HP90 coil at 2.5 kHz, achieving 
values very close to experimentally measured ones.
Given the success o f this work’s FORTRAN program when the above features were 
added to it, and that it was capable o f calculating the resistance and inductance values 
required o f  this work’s FEM Module from Section 2.5.3.2.2, no further FEM 
development work was undertaken. In the remainder o f this work the FORTRAN 
FEM program will be used for the purposes described in Chapter 2 o f supporting the 
stimulating coil geometry optimisation procedure.
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6 The Optimisation Process
6.1 Background
In Section 1.6 it was explained that one o f the main objectives o f this work is to 
develop a way o f using optimisation techniques to find more focal magnetic 
stimulation coil shapes. This was discussed further in Chapter 2, in which it was 
elucidated upon why, although it is reasonable to define focality in terms o f  the peak 
electric field magnitude generated around a coil, it is also important to ensure that a 
coil is capable o f inducing a certain nerve membrane voltage level at the desired 
location below the coil. In light o f this, in Section 2.5 and its subsections, this work’s 
novel tri-modular approach was proposed which avoids having to repetitively run 
detailed Finite Element Method electromagnetic models during a multi-cycle 
optimisation sequence. In this approach, optimisation is confined to the Main and 
New Shape Modules, and, in both modules, only the much faster and simpler thin- 
wire coil electric field modelling technique o f  Section 3.8 is used during the 
optimisation sequence.
There are many different types o f techniques in existence that have been used to 
successfully apply optimisation to a wide variety o f problems. A few o f these 
techniques could be suited to the optimisation that must be undertaken in this work’s 
Main and N ew  Shape Modules; however, many other techniques would be unsuited 
for various reasons. Therefore, this chapter begins by summarising the different types 
o f optimisation techniques available, and places them into several categories. This 
categorisation eases the task o f identifying one particular technique for use in this 
work, and several reasons are given for the choice then made.
The Main and New Shape Modules both rely on the definition and presence o f a set o f  
variables (that are different in both modules) which together adequately describe the 
geometry o f  a stimulation coil. These variables are what are altered in the 
optimisation process, and the results o f the optimisation are expressed as a set o f  
particular variable values. Within the optimisation algorithm, strategic changes are
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made to the variable values, and a decision made on whether to accept or reject a 
change based upon whether the change leads to an improvement in the value o f a 
mathematical function. This function would, in the New Shape Module, act as a 
measure o f  the coil’s focality, and, in the Main Module, would act as a combined 
measure o f the coil’s focality and whether a required normalised nerve membrane 
potential value was being achieved below the coil. Thus, for the chosen optimisation 
algorithm to work, a set o f  variables must be chosen, a function must be specified in 
terms o f  these variables, and a way must exist to translate a set o f variable values into 
a particular function value. In this work, this translation will involve using the 
variables to run a thin-wire coil electric field model, then processing the results into a 
function value.
In this chapter, it is intended to show that the chosen optimisation technique is 
capable o f functioning adequately when used in combination with a function that is 
defined in terms o f a chosen set o f coil geometry variables and that is evaluated via 
thin-wire modelling. To this end, a demonstration problem will be defined, followed 
by a set o f variables and a function. These will be slightly different to those used in 
the Main and New Shape Modules, but will allow the combination’s performance to 
be straightforwardly assessed. Both modules will be discussed in more detail in 
Chapter 7. This demonstration problem will be the first time that the combination o f  
that optimisation technique together with such a function defined and evaluated in 
such a way will have been used to solve an optimisation problem involving the 
geometry o f a stimulating coil.
6.2 Types of Optimisation Techniques
The mathematical process known as optimisation involves searching for the extreme, 
i.e. the maximum or minimum, value o f some predefined function o f a set o f  
variables. This can, for minimisation, generally be expressed as:
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minimise /  (x)
subject to g t (x ) < 0  /' = 1.........m (6.1)
and hj (x ) = 0 j - 1..... p
where / i s  the function to be optimised (the objective function), and x is a vector o f  n 
variable quantities (the design variables) which are attributes o f the particular problem 
in hand. When the problem places no constraints on the permissible values o f x (an 
unconstrained problem), no g  or h functions are defined. However, it is common for 
some restriction to exist on the values that x may take, and one or more inequality 
constraint functions, g , or equality constraint functions; h, must then be defined.
Optimisation problems may be classified in several ways. These include, for example,
the number o f degrees o f freedom in the equation system, the dimension o f the vector
x, and the topography o f the function f ix )  [163]. However, several important 
categories involving real valued functions and variables exist, the consideration o f  
which will be helpful when choosing which o f  the many optimisation techniques 
should be applied to a problem. These categories will now be briefly discussed.
Perhaps the simplest category is one dimensional unconstrained optimisation which 
involves finding the optimum value o f a function o f a single variable without the 
existence o f any constraint functions. Optimisation techniques in this category can be 
additionally useful as subroutines in techniques for multi-variable problems, and are 
generally o f two types. The first, known as bracketing, involves evaluating the 
function for a few variable values, and ascertaining the variable interval between 
which the desired function extremum occurs. The procedure then concentrates on that 
interval only, and a similar process is followed to identify a smaller interval 
containing the extremum. Eventually, when the interval size is within some pre­
defined tolerance, the extremum is deemed to have been found and the procedure 
stopped. Techniques o f this type differ according to their complexity, stability, 
number o f function evaluations required, speed o f convergence, and whether 
polynomial curve fitting is used to reduce the interval size. Examples o f these 
techniques include the Dichotomous Search Method [164], the Fibonacci Method
Richard Hughes 162
Improving The Focality O f Magnetic Stimulation Coils: Chapter 6
[165], the Golden Section Search Method [166], and Brent’s quadratic interpolation 
and sectioning algorithm [167] [168].
The second type o f one dimensional unconstrained optimisation techniques are open 
methods. These do not involve interval identification, but rely on knowledge o f  the 
function’s behaviour to move iteratively from an initial starting guess o f the 
extremum location to its true value. Newton’s Method [169] is an open method 
similar to the Newton-Raphson root finding technique [170] that requires knowledge 
o f the function’s first and second derivatives for its iterative procedure.
It should be noted that both the bracketing and open method technique types 
discussed above are suited to locating a local extremum o f a function, e.g. a minimum 
point between two maxima. Indeed, the bracketing methods are intended for use over 
an initial function interval that contains no more than one extremum o f the type being 
searched for. If more than one exists over the function interval under consideration, 
the techniques’ behaviours would be unpredictable, possibly converging on one o f the 
extrema, or quite likely not converging at all. The issue o f function global and local 
minima with respect to optimisation is discussed in Sections 2.2 and 2.3 o f [171], and 
Press et al [172] acknowledge that finding a global optimum is a difficult problem. 
This will be discussed further in Section 6.3.
The next optimisation category is multi-dimensional unconstrained optimisation, 
which obviously involves an objective function o f more than one variable. Techniques 
in this category are o f two types -  direct methods which rely on the evaluation o f  the 
objective function and derivative methods which require knowledge o f the function’s 
first and sometimes second derivatives. Perhaps the simplest direct methods use brute 
force approaches such as that in the Random Search Method [173] where the function 
is evaluated at many randomly selected variable values until the extremum is 
eventually found. Such a method is clearly highly inefficient, but has the advantage, 
since a wide range o f variable values are used, that it is not restricted to finding a local 
extremum.
More sophisticated search methods include the Cyclic Coordinate Search Method 
[174] and Powell’s Conjugate Direction Method [175]. In these methods, a one
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dimensional unconstrained optimisation technique, such as a bracketing method, is 
used to sequentially search in particular directions for a one dimensional extremum 
until the multi-dimensional extremum is found. In the cyclic method, these directions 
are the coordinate directions o f the variable vector; however, use may be made o f a 
pattern direction [176] amongst the one dimensional extrema to accelerate towards the 
multi-dimensional extremum. In Powell’s method, pattern directions are used to form 
a series o f conjugate directions in the variable space which are used for the one 
dimensional searches instead. A different approach is used in the Hooke and Jeeves 
Method [177] where jumps o f a certain distance are made in each o f  the coordinate 
directions in a process called exploration instead o f using a one dimensional 
optimisation technique to establish a pattern direction before a longer jump is made in 
that direction. Rosenbrock’s Method [178] involves establishing sets o f orthogonal 
directions for the exploratory jumps in preference to always using the coordinate 
directions. A further method is that o f Nelder and Mead [179] in which a shape 
known as a simplex, which has one more comers than there are variables, is 
constructed in the variable space and, for minimisation, the comer where the function 
has its maximum value is eliminated before geometric transformations known as 
reflection, expansion or contraction are used to find a replacement point. The 
procedure o f altering the simplex shape is continued cyclically until a small enough 
simplex surrounding the multi-dimensional extremum is arrived at.
Although the methods o f the previous paragraph are usually more efficient than the 
Random Search Method, they are intended for finding a local rather than global 
extremum. These methods may, however, be adapted to find global extrema by the 
introduction o f a degree o f randomness. Press et al [172] state that this is usually done 
by either finding several local extrema starting from randomly chosen variable values 
and then selecting the most extreme, or by taking a finite step away from a local 
extrema and seeing if  the method then proceeds to a more extreme value. 
Nevertheless, the newer method o f Simulated Annealing [180] [181] was devised as an 
improved way o f finding the global optimum, and has been successfully applied to 
several problems. The method mimics the inherent randomness in the way that stored 
energy alters as a piece o f metal cools (anneals), and is suitable for application even in 
problems where the global extrema is well hidden amongst a collection o f local 
extrema [182]. This method will be discussed in detail in Section 6.4.
Richard Hughes 164
Improving The Focality O f Magnetic Stimulation Coils: Chapter 6
One other direct multi-dimensional optimisation technique is the Genetic Algorithm 
(GA) [183]. This was suggested by John Holland o f the University o f Michigan and, 
in its most common form, firstly involves representing each variable as a binary 
number o f a particular number o f bits. A random number generator is then used to 
create an initial ‘population’ o f bits for each variable. These binary numbers are then 
subjected to a process akin to genetic reproduction with other binary numbers, and the 
bits making up the numbers are gradually altered in a ‘survival o f the fittest’ process 
(in terms o f whether the resulting variable values cause the function to move closer to 
an extrema) until no fitter collection o f bits can be found for each variable. The final 
binary numbers for each variable can then be converted back to give the desired 
optimum values. The GA exists in several variant forms, each o f which differs in 
terms o f the number o f function evaluations required, their efficiency, and 
applicability to particular problems. The GA is sometimes used to successfully find 
global optima, e.g. the example results in [183]; however, it does not always achieve 
this. Often, depending on the problem, it becomes trapped in a local extremum when 
the algorithm is unable to move beyond a particular peak in population genetic fitness. 
As discussed in the introduction o f [184], the GA is often good at locating the general 
area o f the global optimum, but then gets trapped in a nearby local optimum. Various 
techniques may be used to try to stop the GA from becoming trapped, usually 
involving some random process. These may involve the combination o f the GA with 
another optimisation technique such as Simulated Annealing [184] or the two phase 
stochastic scheme o f [185]. Alternatively, random searching may be incorporated into 
the GA’s iterative procedure -  the main work in [184] -  or a method known as 
niching used which involves making efforts to maintain a genetically diverse 
population during the iterative procedure [186].
Derivative based multi-dimensional unconstrained optimisation techniques use 
knowledge o f the objective function’s derivatives to efficiently find an extremum. As 
in one dimension, the first derivative enables identification o f an extremum o f some 
kind, and in more than one dimension this derivative takes the form o f a vector 
gradient in terms o f the design variables. Often, when it is not known that the only 
extremum in the variable space is o f the desired type, it is necessary to use the second 
derivative to establish whether a discovered extremum is a maximum or minimum. In 
multiple dimensions, this requires the evaluation o f a matrix o f second partial
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derivatives known as the Hessian [187]. If derivatives are not known, it may be 
possible to calculate them using a numerical method such as the Finite Difference 
Method, although this may easily become computationally expensive. Frequently 
used examples o f derivative methods include the Steepest Ascent Method [188], the 
Conjugate Gradient Method [189], Newton’s Method [190], and quasi-Newton 
methods such as the Davidon-Fletcher-Powell and Broyden-Fletcher-Goldfarb- 
Shanno methods [191].
In practically based optimisation problems, it is often the case that some constraint 
functions are present, giving rise to the constrained optimisation problem category. 
Where the objective and constraint functions are linear, the well-known Linear 
Programming Method [192] may be used to efficiently solve problems having many 
design variables. With non-linear problems, if  knowledge o f the function’s derivatives 
is available or not too expensively calculatable, use may be made o f one o f the 
methods in Chapter 5 o f [193], namely the Generalised Reduced Gradient Method, 
Rosen’s Gradient Projection Method, Zoutendijk’s Method, or the Sequential 
Quadratic Programming Method, some o f which convert the problem into an 
unconstrained form which may then be solved using a direct or gradient based 
method. However, when use o f  the function’s derivatives is not to be made or is not 
possible, an indirect method o f dealing with the constraints must be used. This is 
frequently through the use o f a penalty function [194] which, constructed from the 
constraint functions, is added to the objective function and that causes the resulting 
composite function to become more or less optimal when subjected to an 
unconstrained optimisation method. Penalty functions will be returned to in Section
6.5. Penalty functions may also be used when a function’s derivatives are available, 
allowing derivative based unconstrained optimisation methods to be used in problems 
where they behave more desirably than conventional derivative based constrained 
multi-dimensional optimisation methods.
6.3 Identification of an Appropriate Optimisation Scheme
The previous section offered a general overview o f the mathematical procedure 
known as optimisation together with the main types o f optimisation problem.
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Furthermore, in Section 2.5.3 and its sub-sections, this work’s proposed tri-modular 
scheme o f  using optimisation to find improved magnetic stimulation coils is 
described. There, it is explained that the Main Module will require an optimisation 
scheme in which certain size governing parameters o f a coil having the same ‘basic 
shape’ can be varied in order to find the geometry o f a coil o f  that basic shape that can 
generate a required normalised nerve membrane potential (Vmn) value that is also the
most focal it can find. The New Shape Module will require an optimisation scheme in 
which coil geometry parameters that alter the basic coil shape can be changed in an 
effort to hunt for new basic shapes which minimise a coil’s focality defined in terms 
o f its peak electric field (E 0) profile along a straight line at a certain distance below
the coil. This section will identify which o f the previous section’s optimisation 
techniques may be applied in this work.
To begin with, consider the Main and New Shape modules. From consideration o f  the 
previous paragraph, and the discussion in Section 2.5.2 explaining that it is reasonable 
to define coil focality by considering the E0 rather than Vmn profile, it may be seen 
that both modules involve altering a set o f (slightly different) design variables in order 
to minimise the E0 focality. The objective function in both modules can therefore be
thought o f as the process that translates the design variables (e.g. coil inner turn 
radius, turn separation distance, etc.) into a representation o f the spatial locations o f  
the various turns that make up the coil, calculating the peak electric field at a set o f  
points, then processing that information into the required measure o f  focality. 
Additionally, in the Main Module, an equality constraint exists in that the required 
Vmn value at a certain point below the coil (this will be more precisely defined in
Section 7.13) must be met. (The Vmn would be calculated by multiplying the E0 value
computed from the design variables at the point by the remainder o f (2.6) making use 
o f coil resistance and inductance values obtained from the FEM Module.) In reality, 
this constraint may be converted into an inequality constraint ensuring that the Vmn
value must be within a certain percentage o f the required value. Despite the existence 
of a constraint in the Main Module, the similarity o f the modules’ objective functions 
means that the same optimisation technique will be used for both.
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From the above, it should firstly be clear that there is more than one design variable, 
and that a multi-dimensional optimisation technique must be used. Additionally, it is 
also apparent that calculating the objective function is far from straightforward, 
involving several stages to get from the design variables (which are not simple spatial 
coordinates) to the measure o f focality, via a modelling process to obtain E0 at
several points. (As explained in Sections 2.5.3.2.1, 2.5.3.2.2 and 3.9, it is the thin wire 
coil modelling procedure o f  Section 3.8 that will be used.) Thus, readily useable 
derivatives o f  the objective function in terms o f the design variables would not be 
available and calculating these derivatives using a numerical procedure would be 
computationally expensive, complicated and impractical. Therefore, it is intended to 
use a direct multi-dimensional optimisation technique in this work rather than a 
derivative / gradient / Hessian based method.
Further, as will be discussed in Section 7.6, the objective function in this work could 
contain several local optima amongst which a global optimum is present. It would 
therefore be desirable to choose an optimisation technique that can straightforwardly 
cope with that situation. Although, as mentioned, several o f the direct methods listed 
in the previous section can be adapted to search for global optima, most are inherently 
local methods. Given that the Simulated Annealing Method is a direct method that has 
been devised specifically to search for global optima, and that it has already been 
successfully applied to such problems, it is this method which is the optimisation 
technique chosen for use in this work. This is in preference to the various forms o f  the 
Genetic Algorithm because o f the desire to avoid having to be concerned in this work 
with the various ways, outlined in the previous section, o f stopping the algorithm 
from becoming trapped in a local optimum.
As mentioned, the Main Module’s optimisation process will include a constraint 
function. In the previous section, it was seen that constraint functions may be 
incorporated into direct multi-dimensional optimisation techniques via a penalty 
function. Such a penalty function will be used in this work, and the particular form o f  
the objective function, any penalty function and resulting composite functions o f  this 
work’s Main and New Shape modules will be given in Sections 7.2, 7.5 and 7.13. In 
the remainder o f this chapter, the Simulated Annealing Method will first be discussed
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in more detail; a simple coil geometry optimisation problem will then be defined in 
terms o f  design variables and penalty function; then Simulated Annealing will be 
demonstrated to be able to solve the problem when combined with the thin wire 
electric field modelling technique o f Section 3.8.
6.4 Simulated Annealing as Used in this Work
Simulated Annealing (SA) is a direct unconstrained multi-dimensional optimisation 
technique intended to robustly and efficiently seek a global minimum in a problem 
where several local minima may exist. Broadly speaking, it does this by sometimes, 
during an SA minimisation algorithm, accepting a change to the design variable 
values that results in a higher objective function value rather than always trying to 
progress to a lower value. Belegundu et al state in [181]: “A robust method for 
seeking a global minimum must adopt a strategy where a higher value o f a function is 
acceptable under some conditions. Simulated Annealing provides such a strategy.”
SA was first proposed by Kirkpatrick et al [195][196] and was based on the earlier 
work o f  Metropolis et al [197] which applied the principles o f probabilistic 
thermodynamics to propose a modified Monte Carlo integration method for the 
computer simulation o f fluid states. By now, several slightly different forms o f SA are 
in use, and two such algorithms are described in [180] and [181]. It is the form 
proposed by Corona et al [198] and described by Belegundu et al in [181] that will be 
used in this work and the description is the basis for the algorithm’s explanation that 
follows below.
When liquids are allowed to freeze and crystallise in a slow and controlled manner, or 
some molten material such as a metal or glass is similarly allowed to cool and solidify 
(anneal), the atoms making up the material lose thermal mobility and adopt positions 
such that a certain amount o f energy is contained in the system. Sometimes during the 
annealing process, even while the trend is a net loss o f energy, there may be an 
increase in energy. The probability o f such an increase in energy AE is given by the 
Boltzmann probability distribution function:
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p (A E )  -  e kT (6 .2)
where k is Boltzmann’s constant [199], and T is the material’s temperature. It may be 
seen that the lower the material’s temperature, the less likelihood there is o f a large 
increase in energy occurring.
The above process may be applied to numerical calculations using Metropolis’s 
Algorithm. During optimisation this has the effect that the problem may be considered 
to always be in some state o f temperature, which is initially set to some chosen high 
value, then gradually reduced, mimicking the annealing process. If, at a step during a 
minimisation problem, a change is made to the design variables that causes the 
objective function to decrease, that change is always accepted. However, if  the change 
causes the objective function to increase by a value Af , the change is accepted with a 
probability based on (6.2) with Boltzmann’s constant replaced by some chosen value,
If the change is rejected, the design variables revert to their previous value, and the 
minimisation process proceeds to its next step when a different change to the 
variables is considered for acceptance in a similar fashion. The variable change 
acceptance probability is implemented by generating a random number between 0 and 
1, and accepting the change only if  the number is less than or equal to the probability 
value obtained from (6.3).
The SA algorithm used in this work is therefore as follows. An objective function 
(which, as discussed in the previous section, will be a composite function in the Main 
Module) is first defined, and this is a function o f a set o f n coil geometry describing 
design variables. Each design variable has an upper and lower value bound. The 
design variable vector x is initialised to random feasible values, the objective function 
value at x, namely f  evaluated, and x min and f min set equal to these values.
e.g. 1:
p ( A f )  = e T (6.3)
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The algorithm will repeatedly consist o f several function evaluations at a particular 
temperature followed by a reduction in temperature. Therefore, an initial value for the 
temperature T  is defined, which is the first o f  several parameters within the algorithm 
which may be changed in order to adjust the algorithm’s performance. A temperature 
reduction factor rT (with 0 < rT < 1) is chosen, and the temperature reduced using
T new = rTToId at the end o f each temperature step. Additionally a vector o f exploratory
step sizes s is defined for the n variables, whose purpose is given in the next 
paragraph, and each value in s is initially set to be some sizeable fraction (e.g. 20%) 
o f  the difference between the upper and lower bound for that variable. At the end o f  
each temperature step, the exploratory step sizes are reduced by a factor rs (with
0 < rs < 1) using s"eM = rssold.
Within each temperature step, a group o f ‘iterations’ are performed, and each
iteration involves N c ‘cycles’. During each cycle, an exploratory step is made in each
design variable direction in turn, which, for the z’th variable, involves locating a new 
point in the design variable vector space using:
= * + rs,e, (6.4)
where r is a random number between -1 and 1, si refers to the f ’th element o f s, and
e; is an unit vector in the z’th variable direction. If x, + rst is out o f the z’th variable’s
bounds then xnew . is chosen to be some random value within the bounds. f new is then
evaluated at x new and, if this is less than or equal to f  the exploratory step is
‘accepted’. If f new is greater than f  A f  = f new- f  is calculated, a random number
from 0 to 1 generated, and the step accepted if the number is less than or equal to the 
probability calculated using (6.3). If a step is accepted, the following are updated: 
x = xnew» /  ~  fnew > otherwise, x and /  are retained. The next exploratory step in the
cycle is then undertaken. Note that, if  at an accepted step f new < f min, then
X n,i» =  .  f m in =  L e ,  a r e  U p d a t e d .
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From the above description, it will be seen that, at higher temperatures before s 
becomes much reduced in sympathy with the temperature via use o f the factor rs ,
large exploratory steps are able to occur during cycles, and sizeable changes in the 
objective function’s value may result. Any sizeable increase stands a reasonable 
chance o f being accepted while the temperature is high because o f  (6.3). This gives 
the algorithm a good chance o f escaping from large objective function troughs while 
searching long distances across the design variable space for regions where the 
function is low. As the temperature is reduced, the size o f any function increase that 
stands a good chance o f being accepted becomes progressively smaller; however, 
because o f the sympathetic reduction in the magnitudes o f the elements o f s, smaller 
step sizes will occur for which less extreme changes in the objective function could be 
expected. Thus, the algorithm facilitates searching broadly for the area containing the 
global minimum at high temperature, then searching in gradually more localised areas 
as the temperature drops whilst all the time readily accepting some function increases 
which are o f a size appropriate to the exploratory step size so as to try and avoid 
becoming trapped in a particularly local minimum. The global minimum should 
eventually be identified from amongst the various broad scale and more localised 
fluctuations o f the objective function.
It may also be seen that the values used for the algorithm’s controlling parameters (the 
initial temperature, rT and rs) will have an impact on the algorithm’s performance
that depends on the nature o f the objective function -  particularly, how large the 
fluctuations in its value are, and whether it has broad large scale peaks and troughs 
which contain more localised maxima and minima or whether it has no overall trend 
but simply many quite tightly packed extreme peaks and troughs. The way that the 
parameters are reduced during SA is known as the annealing schedule, and Press et al 
[200] acknowledge that the exact choice o f schedule and meaning o f  ‘high’ and ‘low’ 
in the algorithm’s description is problem dependent and may involve physical insight 
and trial and error to obtain satisfactory performance.
To help with the choice o f step size, Corona et al’s version o f SA incorporates a 
technique to improve the exploratory step size whilst the algorithm is executing. This 
is the reason for the existence o f iterations consisting o f N c cycles at each
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temperature step. The technique works by having a vector, a, whose elements are 
acceptance ratios for each o f the design variables. These acceptance ratios are set 
equal to 1 at the beginning o f each iteration. Then, when, during a cycle, a rejection 
occurs at an exploratory step involving the z’th variable, a is updated:
° < = a< - T r  (6 '5)N c
Thus, at the end o f  the N c cycles in an iteration, each a , is the ratio o f  acceptances to
trials for that variable during that iteration. At that stage in the algorithm, if  an a{ has
a low value, it indicates that a relatively high number o f rejections has occurred in that 
variable’s exploratory steps, suggesting that the step size should be reduced so that 
less extreme changes in the objective function’s value are encountered. The converse 
would apply to a high a, value, and the ideal ai value would be 0.5 indicating an
equal number o f acceptances and rejections for that variable. The vector a is then used 
at the end o f an iteration to amend the exploratory step sizes s for the next iteration’s 
cycles by applying to each variable the following formula shown for the z’th variable:
sr = g (a , ) s ° U (6.6)
where g  is a ‘step multiplication factor’ and takes the form [201]:
g(fl , )  = l + 2 6' 4 - ° -  a' < 0 A
+ 0.4
= 1 0.4 < at < 0.6 (6.7)
= 1 + 2 °' ~ ° ’6 a, > 0 .6
0.4
It should be emphasised that each a ,. is reset to 1 at the beginning o f  each iteration 
and s is reset using snew = rssold- ong at the beginning o f each new temperature step 
where sold~ong is the value o f s at the beginning o f the previous temperature step
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before any step multiplication factors were applied. It is stated in [201] that the step 
multiplication factor system described above has been shown to work well in tests.
The algorithm may come to an end in several ways. The first is if  the function 
minimum at the end o f  a temperature step is not less than the minimum at the end o f  
the previous step or is less but only within some small margin. (The definition o f  a 
small margin depends on the problem being solved.) The second way is if  more than a 
fixed number o f  temperature steps have been completed, thus stopping the algorithm 
from potentially executing indefinitely.
6.5 Definition of a Demonstration Problem
In Section 6.3, reasons were given for choosing Simulated Annealing (SA) as the 
optimisation technique to be used in this work, and, in the previous section, the 
particular type o f  SA to be used was discussed in some detail. In this section and the 
next, it will be shown that, after defining a set o f design variables and a suitable 
constraint penalty function, this type o f SA can be used together with the thin wire 
electric field modelling technique o f Section 3.8 to solve a basic stimulation coil 
optimisation problem. This will serve to demonstrate that it is possible to construct a 
penalty function suitable for use with SA that is a function o f some chosen coil 
geometry describing variables, that the SA algorithm is reliable when used with this 
type o f  penalty function, and that the thin wire modelling technique is suited to 
assimilation into this optimisation process. Thus, this will be the first time that this 
combination o f  a penalty function, SA and the thin wire modelling technique will be 
shown to be able to solve an optimisation problem involving the geometry o f a 
magnetic stimulation coil.
First, it is necessary to define a problem to be solved. The initial step in this definition 
process is to state that, in the interest o f  simplicity, the problem will involve the peak 
electric field around a stimulation coil connected to a hypothetical stimulating 
machine that always generates a peak rate o f change o f current o f 1 A/s through a 
coil. (The more realistic optimisation undertaken in the next chapter will involve a 
Magstim Rapid biphasic stimulator.) Next, let the problem involve a single flat spiral
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coil similar to the Magstim HP90 coil, and the problem be to find coil dimensions that 
would allow the coil, when it is used with the stimulator, to generate a peak electric 
field magnitude o f  at least a certain amount at one chosen point below the coil’s 
plane, and no greater than some other amounts at two other points below the coil’s 
plane.
Given that the spiral coil will be modelled as being composed o f concentric circular 
loops o f infmitesimally thin wire, and that the spacing between the spiral turns is to be 
regular, such a co il’s geometry can be fully described by only three variables. These 
are: the turn separation distance, the number o f turns, and a third variable which could 
be the inner turn’s radius, the outer turn’s radius, the average turn radius, etc. The 
radius and location o f each loop making up the spiral coil model can be calculated 
from these variables. In this problem, the design variables will be the turn separation 
distance, the number o f turns, and the inner turn’s radius. The design variable limits 
will be:
Number o f  Turns: 7 - 2 8
Inner Radius: 10 -  80 mm
Turn Separation Distance: 1.8 -  3.5 mm
The three peak field measurement points will be on a line parallel to the coil’s plane at 
a distance o f  70mm below the coil since that represents a typical distance away from a 
coil’s plane for a magnetic stimulation location. The task for the optimisation problem 
in this section will be to find a set o f design variable values that would result in a
n
single spiral coil capable o f generating a peak electric field o f at least 5.9 x 10' V/m
7 7at a radius o f 70 mm, but no greater than 3.10 x 10" V/m and 4.66 x 10' V/m at radii 
o f 20 mm and 120 mm respectively away from the coil’s axis along the line 70mm 
below the coil. The field value constraints were chosen because, from the results o f a 
preparatory investigation, it is known that the constraints may be achieved with 
several different values o f the design variables -  i.e. there is more than one valid 
solution to the problem -  but most o f  the design variable space results in the 
constraints not being met; this is shown graphically later in this section.
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A penalty function must now be constructed to incorporate the field value constraints 
given in the last paragraph. This is a function which will take on its minimum value -  
zero -  when the constraints are met, but which becomes sharply more positive when a 
change in any o f  the design variables causes the peak electric field to be further away 
from the constraint values. For this sample problem a suitable penalty function would 
be:
p O = cp max (o, Fm -  f m (x ))2 + £  max (0, / ,  (x )  -  FSi)" (6.8)
In (6.8), x refers to the design variable vector, m to the spatial point at which the field 
must be at least 5.9 x 10‘7 V/m, and s to the two points at which the field should be no 
greater than 3.10 x 10'7 V/m and 4.66 x 10‘7 V/m respectively. Each F  refers to the 
field constraint limit (greater than or less than as appropriate) at the point in question, 
and each /  (x) to the peak electric field magnitude at the point in question given a 
particular set o f  design variables as obtained via the thin wire loop coil model o f  
Section 3.8. It may be seen that the ‘max’ term involving point m takes on a zero 
value when the field magnitude at that point, f m, is greater than or equal to the field
magnitude constraint value, Fm, but takes on an increasingly positive value the more
f m is less than Fm . Conversely, the ‘max’ terms involving the s points are zero valued
when the peak electric field magnitude, f s , at the relevant point is less than or equal
to the corresponding field magnitude constraint value, Fs , but takes on an
increasingly positive value the more f  is greater than Fs . The factor cp governs how
steeply the penalty function becomes positive when the constraints are broken, and its 
value may be chosen so as to result in an adequately performing algorithm in a similar 
way that the initial temperature, rT and rs may be chosen within the SA algorithm as 
described in the previous section.
In order to obtain a graphical plot o f the penalty function as specified above, a 
combined C++ and FORTRAN program was authored that was capable o f calculating
(6.8) for a particular set o f design variable values. This worked by calculating the 
radius and location o f  each loop in a thin-wire concentric loop model o f  the spiral coil
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from the design variables, then solving the model to obtain f m and the two f  values. 
The program was run for a range o f  values across the design variable space. A value 
o f  101- was used for the factor c in (6.8).
It is obviously not possible to construct a single graph o f  a function o f  three 
independent variables. However, Figure 6.1 shows the penalty function as a function 
o f  the number o f  turns and the inner radius given a fixed turn separation distance o f  
2.65mm. It may be seen that the graph shows a distinct ‘valley' running WSW -ENE, 
with a steep rise to a peak o f  11233 at 28 turns, inner radius 80mm; a much less steep 
rise occurs at the g raph 's  opposite corner to 290.832 at 7 turns, inner radius 10mm. 
The valley may be seen in greater detail by restricting the graph viewing software to a 
peak o f  50, as in Figure 6.2. When viewing this graph it should be remembered that 
the number o f  turns is an integer variable, and this graph shows that for each discrete 
number o f  turns value, the penalty function forms a parabola against the inner radius 
value; the parabolas appear as V 's  for number o f  turns o f  25 and above due to the 
graphing program having insufficient points with a penalty function value below 50 to
Penalty function values given a turn separation distance of 2.65mm
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Figure 6.1 - The initial form of  the demonstration problem penalty function when the turn separation 
distance is 2.65 mm
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Figure 6.2 -  The penalty function of Figure 6.1 when the graphing program is 
restricted to only show function values of 50 or less
correctly form parabolas. From Figure 6.2. it may be seen that the valley floor in 
Figure 6.1 is not flat, but is a minimum o f  zero only for number o f  turns values 
between 13 and 21.
Figure 6.3 offers an example o f  how the penalty function behaves against the third 
design variable -  turn separation distance -  when the other two variables are fixed. 
Here, there are 13 turns and an inner radius o f  35.2 mm. The function is seen to 
behave essentially as a parabola, except that there is a flattened out region at the 
parabola 's  base where the function is minimal and zero valued. In fact, a similar 
parabolic type graph may be seen for the penalty function against turn separation 
distance when any values are used for the number o f  turns and inner radius: however, 
a flat zero valued base region only occurs when the combination o f  number o f  turns 
and inner radius are such that there is a range o f  turn separation distance values for 
which the problem 's constraints are met. At number o f  turns and inner radius values 
for which no turn separation distance value leads to the constraints being met. the
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graph o f  the penalty function against turn separation distance appears as a true 
parabola with a non-zero m inim um  value.
From consideration o f  the above discussion, it should not be surprising that the 
penalty function in its above specified form, when considered against all three design 
variables together, is a zero valued minimum across one restricted region o f  the 
design variable space, and is always increasing in any direction away from that 
region. However, in Section 6.3, it was stated that the optimisation technique to be 
used in this work must be able to deal with a function that has more than one separate 
local optimum amongst which a global optimum is present. Also, if that global 
optimum does spread over a region o f  the variable space rather than only be existent 
at one set o f  variable values, it would be desirable that this w ork 's  optimisation 
technique be able to correctly identify one set o f  design variables corresponding to 
that optimum.
Penalty function given a coil of 13 turns and inner radius of 35.2 mm
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Figure 6.3 - The initial form of the demonstration problem penalty function when the number of 
turns is 13 and the inner radius is 35.2 mm
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In order to demonstrate that the combination o f  SA, penalty function and thin wire 
modelling is capable o f  working with functions having the characteristics described in 
the previous paragraph, an amendment was made to the demonstration problem 
penalty function (6.8). The revised function is as follows:
P ( x )  = m ax (0
when x  < 16
P( x )  = c. max (0, Fm-  /„  (x ) )2 +
Z m a x ( 0 , / ,  ( x ) - F , )' + max(0,x, -  10)'
+ max (0.17 -  )
when x > 11
(6.9)
where x, refers to the number o f  turns design variable.
The amended penalty function is broadly similar to (6.8). However, it may be seen 
from Figure 6.4 that the valley floor apparent in Figure 6.2 w hen the turn separation 
distance is 2.65 mm has changed somewhat. There is now a non-zero local minimum 
o f  0.0677376 when the number o f  turns is 10. another local minimum o f  25.0 at 13
R e v i s e d  p e n a l t y
Figure 6.4 - The amended demonstration problem penalty function when the turn separation  
distance is 2.65 mm and the graphing program is restricted to only show function values below 50
f u n c t i o n  v a l u e s  b e l o w  5 0  g i v e n  a  t u r n  s e p a r a t i o n  d i s t a n c e  o f  2 . 6 5 m m
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turns, and a zero valued global minimum which spreads over the region from 17 to 21 
turns. The parabolic nature o f the function against inner radius value and turn 
separation distance is maintained.
Thus, the objective o f  the demonstration optimisation problem will be to show that the 
combination o f  SA, penalty function and thin wire modelling can find a point on the 
global minimum o f the penalty function; this will be zero valued and corresponds to 
design variable values that would result in a coil that meets the peak electric field 
constraints given earlier -  i.e. a valid solution to the problem. The results o f applying 
the combination to this problem are presented in the next section.
It should be noted that this sample problem is a little different to the bulk o f the 
optimisation that will be undertaken in this work. There, as stated in Section 6.3, the 
task will be to find a set o f  design variable values that minimises focality, i.e. seeks a 
coil having the best focality, subject to, in the Main Module, a constraint on the 
normalised nerve membrane potential value. The functions used in the New Shape 
and Main Modules that involve optimising towards a coil having the best focality are 
given in Sections 7.5 and 7.13 respectively. Here though, a satisfactory solution to the 
problem would be any set o f  design variable values meeting the field value constraints 
given above. Thus this problem will consist o f only a penalty function and no 
objective function as such. Nevertheless, this sample problem is perfectly suited to 
demonstrating that, after the construction o f an adequate penalty function, the 
combination o f SA, penalty function and thin wire modelling works as required since 
the optimisation in the Main and New Shape Modules may also include situations 
where the composite function has several broad global minima -  i.e. where the 
objective function takes on the same minimum value because the focality is the same 
and is a minimum, and the penalty function is zero because the nerve membrane 
constraint is met. However, it should also be noted that the algorithm can only 
identify one point on one global minimum, even if there is more than one equal global 
minimum and a minimum extends over a region o f the variable space.
Additionally, because o f  the random factor inherent to SA ’s operation, re-running the 
algorithm when more than one such valid solution exists could result in a different 
valid solution being identified. If the solutions are truly equally valid then this should
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not be a problem -  any o f the coils resulting from the solution’s design variables 
would work just as well as each other. However, if  it were later felt that one o f these 
solutions had more desirable properties than another, the penalty function would need 
to be altered in a way so as to take on its least value only for the more desirable 
solution. This possibility o f  different equally valid solutions being reported at each 
algorithm run is inherent to the chosen SA optimisation technique and will feature in 
both this sample problem and the optimisation in the remainder o f  this work.
6.6 Results from the Demonstration Problem
In order to solve the demonstration problem described in the previous section, the 
combined C++ and FORTRAN program used to plot the problem’s penalty function 
was extended so that its core routine was the Simulated Annealing algorithm o f  
Corona et al given in Section 6.4. Each time the algorithm required a penalty function 
evaluation, the routines previously used to evaluate the function for plotting in terms 
o f the design variables were called. Thus the algorithm was able to systematically 
alter the design variables and establish whether the penalty function value reduced or 
not in an attempt to find the function’s global minimum. When the minimum was 
found, the program would then determine whether the function was zero valued, 
indicating that the constraints had been met and a valid solution coil found.
In this problem, the inner radius and turn separation distance variables are real valued, 
but the number o f  turns variable is an integer. The chosen optimisation algorithm o f  
Section 6.4 is intended for real variables, although slightly different SA algorithms 
have been devised specifically for integer problems, e.g. [202]. In this work, it was 
decided, for programmatic simplicity, to accommodate integer variables within the 
chosen SA algorithm. This is achieved by, each time a new value o f an integer 
variable is calculated by the algorithm at an exploratory step, rounding the variable 
value to the nearest integer before using the value to construct a coil model and 
evaluate the function. For the sample problem, this has the effect that the penalty 
function, against the number o f turns variable, resembles a staircase with any step 
edges occurring at half way points between integer values. It was also decided that, if  
this method o f accommodating integers was found to cause the algorithm to not
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converge quickly enough or fail to find solutions correctly, then a different method 
would be used.
To solve the demonstration problem to obtain the results given below, the following 
values used in the SA algorithm, whose meanings are given in Section 6.4, were 
found to give an efficient performance: N } = 5 , N c = 2 0 ,  rT = 0.5 and rs = 0.9 . An
initial annealing temperature o f 1000 K was used. The algorithm was set to terminate 
if convergence on a minimum did not occur in 20 temperature steps, or the penalty 
function minimum at the end o f a temperature step was not less than the minimum at 
the end o f the previous step by more than a margin o f 10'6 plus 10‘10 times the penalty 
function minimum.
The combined C++ and FORTRAN program was repeatedly run 200 times on a 
Pentium 4 1.8 GHz personal computer and each set o f suggested coil design variable 
values recorded. Figure 6.5 shows these design variable values as points in a three 
dimensional space.
It should be noted that the program did not fail to converge and report a valid solution 
at any o f the 200 runs undertaken. This is very encouraging given that it is known 
from the analysis o f the penalty function undertaken in the previous section that a 
region o f valid solutions exists in the variable space. It may also be seen that each run 
required 11 temperature steps and took between 13 and 21 seconds to execute. This is 
certainly not an excessively long time given that a thin-wire coil model would have 
been solved at each exploratory step during the SA algorithm, and suggests that one 
run o f the Main or New Shape Finding Modules should not take many tens o f minutes 
or longer to run.
Examination of Figure 6.5 reveals that the program has only reported solutions having 
between 17 and 21 turns. This means that the SA algorithm has avoided becoming 
trapped in the penalty function’s local minima at 10 and 13 turns and has not been 
sidetracked into failing to converge on a valid solution at the global minimum due to 
the presence o f the local minima. Furthermore, it is apparent that the program has not 
been induced to fail to converge because o f the fact that the global minimum extends
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Results from 200 runs of sample optimisation problem
Figure 6.5 -  The design variable values obtained from 200 runs of the demonstration  
optimisation problem
over a region o f  several sets o f  design variable values rather than existing at only one 
set.
From knowledge o f  the penalty function’s behav iour across the whole o f  the variable 
space, it is also apparent from the results that the program has not erroneously 
suggested solutions at which the function is non-zero and the constraints not met. The 
lack o f  spurious solutions has been verified by separately solving thin wire coil 
models at a random group o f  variable space points not suggested as solutions by the 
program and verifying that the peak electric field constraints are indeed not met at 
those points.
In Figure 6.5 it can be clearly seen that the program 's suggested solutions all occupy a 
distinct region in the variable space, and. from knowledge o f  the penalty function, it 
can be confirmed that this region corresponds to the function 's global minimum 
region at which it is zero valued and the field constraints met. Additionally, a random 
sample o f  suggested solutions were used to construct models o f  spiral coils using the
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discretised thin-wire coil modeller o f  Section 3.7 in which a spiral coil is represented 
as a spiral rather than concentric loops o f  thin-wire. These models confirmed that 
coils having the dimensions o f  the suggested solutions do meet the field constraints. 
An example o f  this is given in Figure 6.6 for a suggested solution that has: number o f  
turns = 18. inner radius = 15.2904 mm and turn separation distance = 2.97853 mm. In 
the figure, the field constraint points are marked as brown and green points, and the 
blue line represents the peak electric field that would result along a line parallel to the 
c o i f s  plane at a distance o f  70 mm below it with the g raph 's  radius axis referring to 
the distance away from the c o i f s  axis along that line. A hypothetical stimulator that 
a lways generates a peak rate o f  change o f  current o f  I A/s was used to ‘feed' the coil 
model so as to match the stimulator used in the optimisation program. It may be seen 
in Figure 6.6 that the coil does indeed have a peak electric field that exceeds the field 
constraint o f  5.9 x I f f7 V/m at the Fm point at 70mm radius at 70mm below the coil, 
and does not exceed the field constraints o f  3.10 x 10"7 V/m and 4.66 x 10"7 V/m at the 
Fs points at radii o f  20 mm and 120 mm respectively at 70mm below' the coil. This is 
as required in the demonstration problem 's specification.
Verification that a result from the sample optimisation problem meets the field constraints. 
Number of Turns = 18, Inner radius = 15.2904. Turn Sep distance = 2.97853
D i s c r e t i s e d  T h i n  W i r e  M o d e l  
F m  p o i n t  
▲ F s  p o i n t s
7.00E-07
6.00E-07
5.00E-07
4.00E-07
3.00E-07
2.00E-07
1.00E-07
0.00E+00
0 20 40 60 14080 100 120
Radius (mm)
Figure 6.6 - Graphical confirmation that one of the sets o f design variable values obtained from 
running the demonstration optimisation problem does meet the peak electric field constraints
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From the results presented in this section, it has been seen that the combined C++ and 
FORTRAN coil optimisation program is capable o f consistently producing accurate 
results without failing to converge, becoming algorithmically trapped or producing 
spurious wrong solutions. Furthermore, the program has generated results without 
lengthy execution times. Because o f this, the program will form the basis o f the Main 
and New Shape Finding Modules o f this work. In those modules, most o f the program 
will remain the same; however, the choice o f design variables, the exact form o f  the 
penalty and hence composite objective function, and the way the design variables are 
translated into a thin-wire model for evaluation o f the function will be slightly 
different. Both modules are reported upon in the next chapter. Finally, the results o f  
this section have shown for the first time that the combination o f  a penalty function 
based on chosen constraints and coil geometry variables, a simulated annealing 
algorithm, the representation o f a stimulating coil as concentric loops o f  thin wire in a 
field model, and a means o f translating the design variables via the model into a 
penalty function value can be used to successfully solve an optimisation problem 
involving an axi-symmetric magnetic stimulation coil.
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7 Optimisation and the New Shape and Main Modules
7.1 Background
In the previous chapter, the simulated annealing optimisation algorithm to be used in 
this work was introduced and was shown to be able to solve sample problems by 
making use o f suitable constraints, a penalty function, a composite objective function 
and design variables based on coil geometry. In this chapter it will be seen how these 
things, and the optimisation computer program written to make use o f them, can be 
expanded to form this work’s New Shape and Main Modules which are part o f the tri- 
modular approach to finding more focal coils that meet a certain normalised nerve 
membrane potential value introduced in Section 2.5.3.
Here, it will first be seen how the desire to find a coil with good focality can be 
translated into an objective function for use with the simulated annealing optimisation 
procedure. It will be seen that, for the computer program to work effectively, it will be 
desirable to place a constraint on the electric field value being aimed for when 
performing focality optimisation and a suitable constraint function will be introduced. 
Later, it will become apparent that this constraint function can be very easily 
converted into one designed to ensure that a coil meets a normalised nerve membrane 
potential value. In order to calculate the peak electric field value during optimisation a 
method to calculate coil inductance will be seen to be required; this will be presented 
in this chapter.
Before the New Shape Module will be complete, it will be required to decide upon 
what are the design variables to be used in the optimisation process. This issue will be 
discussed in this chapter and two different sets o f design variables will be considered 
at length with coil constructability in mind. The New Shape Module will then be used 
to find new shapes using these design variables and the designs will be presented.
An important consideration is whether the electric field modelling computer code at 
the heart o f the New Shape and Main Modules is producing valid results. In order to 
prove this, the chief new coil shape suggested by the New Shape Module will be built
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and field value measurements will be taken around it and compared to those being 
observed at the same positions around the coil by the computer code. These results 
will be presented together with the results o f a similar comparison performed using a 
Magstim HP90 coil.
The Main Module will then be discussed and the three stages required in allowing the 
module to make use o f this work’s chief new basic coil shape in a problem will be 
described. The problem is that o f finding a size o f basic shape that meets a required 
normalised nerve membrane potential value whilst keeping focality as restricted as 
possible. So, firstly consideration will be given to what is a suitable set o f  size only 
governing variables needed to add the shape to the Main Module’s database o f  basic 
shapes. Secondly, use will be made o f this work’s Finite Element Module to find 
expressions for how this shape’s resonant frequency, resistance and inductance 
change with coil size, and these expressions will be added to the Main Module 
database. Thirdly, to illustrate that the Main Module is working as intended, it will be 
used to find a particular size o f  coil that meets a required normalised nerve membrane 
potential value at a particular distance below the coil whilst keeping focality as 
restricted as possible. Repetitive use will be made o f  (2.6) from Section 2.3 when 
calculating the normalised nerve membrane potential during the module’s 
optimisation procedure. It should be noted that the first two stages above would need 
to be repeated for each basic shape that it is desired to add to the Main Module’s 
database o f basic shapes.
7.2 Focality and the Objective Function
In Section 6.5 it was seen that it was possible to define a penalty function for the 
demonstration optimisation problem o f Chapter 6 in terms o f a chosen set o f design 
variables which always took a single scalar value given a particular set o f  variable 
values. The first key stage in the evaluation o f the penalty function was the 
conversion o f the design variable values into spatial location values for each o f  the 
thin-wire circular loops that made up the model o f the axi-symmetric coil described 
by the design variables. This was followed by solving the thin-wire circular loop coil 
model to obtain the peak electric field at three locations below the coil. Then, these
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field values were used in (6.9) to obtain the actual penalty function values. In this 
section, a similar method will be developed to obtain the objective function o f  this 
w ork 's  New Shape and Main Modules from a set o f  design variables.
As w'as stated at the beginning o f  Section 2 .5 .3 .1, in the New Shape Module, the 
focality o f  a coil that arises during the m odule 's  optimisation algorithm will be 
defined in terms o f  the peak electric field generated by the coil when used with a 
particular stimulator, and the focality will be measured along a straight line at a 
distance below the coil specified by the module user 's  input. This is also true o f  the 
Main Module which, as was explained in Section 6.3, will have an objective function 
defined in terms o f  peak electric field focality although it w ill have different design 
variables from the New' Shape Module. In both modules, the definition used for 
focality will derive from those used in [26], [27] and [28] which, as was explained in 
Section 1.5. are essentially equivalent to one another. Thus focality will be defined as 
the distance over which the peak electric field magnitude falls to 70.7% o f  its largest 
value along a straight line at a specified distance below the co il 's  base.
Coil axis
x(  120.0) * T o in t  o f  largest peak field value
Point where field is 70.7% o f  peak value
Line at a certain distance below the coil
Figure 7.1 - Field points along a line below a Magstim HP90 coil
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The above definition o f focality can be understood as follows in the context o f an axi- 
symmetric coil. Consider such a coil, e.g. the Magstim HP90 flat spiral coil. Let a 
straight line be defined at some specified distance below the c o ifs  base which extends 
in a radial direction away from the c o ifs  axis and which is perpendicular to that axis. 
This is similar to the brown line seen below the model o f  the HP90 in Figure 7.1. If 
one begins at the axis and travels along this line, the point o f the largest peak electric 
field magnitude along the line will be reached at a certain distance from the axis 
which varies according to the geometry o f the coil under consideration. Travelling 
further along the line, the point where the peak electric field is 70.7% o f  the largest 
value will also be reached, and is the point o f interest in calculating the focality. With 
an axi-symmetric coil, it can reasonably be expected that the peak electric field 
magnitude profile along the radial line which extends in the diametrically opposite 
direction from the c o ifs  axis to the one being considered is identical to the magnitude 
profile along the line already considered. Therefore, the focality will be defined as 
that obtained by taking the radial distance o f the 70.7% field magnitude point and 
multiplying this distance by two. Thus the focality is then indeed a measure o f the 
distance along a line (that is parallel to the base o f the coil, some distance below it and 
which runs through the c o ifs  axis) over which the peak electric field magnitude falls 
to 70.7% o f its largest value, matching the accepted definition.
Both the New Shape and Main Module computer programs o f this work were 
designed by making additions to the combined C++ and FORTRAN program used to 
solve the demonstration coil optimisation problem in Section 6.6. The code added for 
the evaluation o f focality executes after the design variables have been converted into 
spatial locations for the circular thin-wire loops which form the model o f a coil that 
has arisen during the optimisation algorithm. (The subject o f design variables will be 
returned to later in this chapter.) The focality o f a coil that had arisen at a particular 
iteration o f the optimisation algorithm would then be obtained as follows. First, by 
solving the thin-wire model, the peak electric field magnitude would be obtained at 
points 2.5 mm apart at radii from 0 mm to 140 mm from the c o ifs  axis along a 
straight line located at the user’s specified distance below the c o ifs  base. Then, 
starting at the point corresponding to the largest field magnitude and working radially 
outwards, the first point at which the field magnitude was 70.7% or less o f the largest
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magnitude would be identified. The radial distance o f this point on the line would 
then be multiplied by two to obtain the coil’s focality.
From the discussion in the last paragraph, it is clear that, as coded in this work, the 
New Shape and Main Modules cannot deal with coil’s having focalities greater than 2 
x 140 = 280 mm. This is perfectly adequate since the focalities o f coils in current use, 
e.g. the HP90, are already significantly less than that value, and the objective o f this 
work is to find coils with better focalities than at present. It is also adequate since the 
coils that are likely to arise during optimisation, given the limits that will be placed on 
the design variables, should result in focalities that are below this value. Nevertheless, 
should a coil arise during optimisation where 70.7% field magnitude or lower does 
not occur at a line point within the 140 mm limit, it will be deemed to have a focality 
o f 280 mm. It is also clear from the previous paragraph that the program’s reported 
focality values can only occur at 2 x 2.5 = 5 mm intervals. This should mean that a 
reasonable trade-off between the number o f line points at which the field must be 
evaluated at every iteration o f the optimisation algorithm and focality resolution has 
been achieved -  if  a new coil geometry were more focal than a presently existing one 
by only less than 5 mm, the improvement would not be regarded as very significant.
Given that program code had been added to the New Shape and Main Modules to 
calculate coil focality from a set o f design variables, it was then possible to define the 
objective function to be used in both modules’ optimisation algorithms. This is as 
follows:
0 ( x )  = c„[/2(x )  (7.1)
where x refers to the design variable vector, and U  is the focality obtained using the 
method described above. The factor c0 governs how steeply the objective function’s 
value increases as the focality increases and its value may be chosen so as to result in 
an adequately performing optimisation algorithm. This is similar to the way cp was
chosen in the penalty function (6.9) o f the last chapter’s demonstration optimisation 
problem. Thus, the objective in both modules will be to find a set o f design variable
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values that minimise 0 ( x ) ,  although the Main Module will also have a penalty
function to ensure that the constraint on meeting a required normalised nerve 
membrane potential value is met; this penalty function is discussed further in Section 
7.13.
From the above discussion, it is apparent that establishing coil focality involves 
calculating the ratios o f the peak electric field magnitudes at various line points to the 
value at the point having the largest peak electric field magnitude in order to establish 
which one is the 70.7% point. Thus the calculations are always ratios o f  peak electric 
field magnitudes. In Section 2.5.2 it was explained that the peak electric field at any 
point around a stimulation coil is directly proportional to the maximum rate o f change 
o f current within the coil and that the maximum rate o f change o f current occurs at the 
beginning o f the current pulse through the coil. Therefore, it is also apparent that, 
when calculating the ratio o f the peak electric field magnitudes at two points, both 
terms in the ratio are proportional to the maximum rate o f  change o f current within 
the coil, and this proportionality cancels out in the division process o f calculating the 
ratio. It therefore appears to be unnecessary to calculate the true maximum rate o f  
change o f current in the coil just in order to ascertain focality, and using a dummy 
maximum rate o f change o f current o f 1 A/s would suffice.
The New Shape Module program was originally coded so as to calculate O (x) by
using the thin-wire loop field modelling code as if coupled to a stimulator that always 
produces a maximum rate o f change o f current o f 1 A/s in a coil, as was the case with 
the demonstration optimisation problem o f Chapter 6. However, whatever design 
variables were used, this led to problems in that, although coil geometries with very 
good focalities were suggested by the program, the coils would often only be capable 
o f inducing a small peak electric field when used with a realistic stimulator such as 
the Magstim Rapid . This in turn would suggest that, in use, the coil / stimulator 
combinations would not be capable o f generating a sufficiently large normalised 
nerve membrane potential since the E0 term in (2.6) would be too small. Therefore it
was decided that the New Shape Module’s optimisation scheme should have a 
constraint function added to it. This would be that the peak electric field magnitude at
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the line point having the largest magnitude be at least as large as some user specified 
value.
The above constraint on field magnitude was formed into a penalty function, o f a 
similar type to that used with the demonstration optimisation problem o f Chapter 6, 
which is zero valued when the constraint is met and becomes sharply more positive as 
the constraint is broken. This is:
P (x )  = c,, [max (0, Fm -  f„  (x ) )J (7.2)
where x refers to the design variable vector, m to the line point having the largest peak 
electric field magnitude, F  to the field constraint limit, and /  (x) to the peak electric 
field magnitude at the point given a particular set o f design variables and obtained via 
the thin wire loop coil modelling technique o f Section 3.8. Once evaluated at an 
iteration o f the optimisation scheme, this penalty function would then be added to the 
objective function to form a compound function:
C (x ) = 0 ( x )  + J>(x) (7.3)
C (x ) = cJJ1 (x ) + cp [ max (0, Fm -  f m (x )) (7.4)
and it is the global minimum o f this compound function which will be sought in the 
New Shape Module’s optimisation scheme. It will be the case that C(x) will always be 
non-zero since the design variable limits will always result in a coil having a non-zero 
focality.
It will be apparent that, since evaluation o f the penalty function requires knowledge o f  
the actual peak electric field magnitude at a point below the coil, it will not be 
sufficient just to use a dummy maximum rate o f change o f current value in the New  
Shape Module’s thin-wire coil models. Instead, it will be necessary to establish, for 
each iteration’s coil model, what would be the maximum rate o f change o f current if
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that coil were used with the stimulator being considered. In the next section, a method 
to establish this value for a coil used with a biphasic stimulator is presented.
7.3 Calculation of the Maximum Rate of Change of Current
As was explained in Section 2.5.2, the maximum rate o f change o f  current in a 
stimulation coil occurs at the beginning o f the current pulse which is discharged 
through the coil. In order to calculate the maximum rate o f change o f current through 
a coil connected to a biphasic stimulator, consider again the simplified circuit o f the 
stimulator / coil combination shown in Figure 5.6 o f Section 5.10. As was explained 
in that section, at the instant at which the stimulator trigger switch is pressed (time 
t=0) there is no current in the circuit, but the current immediately begins to increase in 
size. Since there is no current at t= 0, there is no voltage drop across the resistances. 
Therefore, if the initial voltage across the capacitor is V0, K irchhoffs voltage law 
gives:
L d i( , )
dt
- V 0 = 0  (7.5)
/=0
By transposing (7.5), the maximum rate o f change o f current is therefore:
di (t)
dt =7  ( 7 - 6 )
1=0
where L is the total inductance in the circuit and is the sum o f  the stimulator and 
connecting leads’ combined inductance, Ls , and the coil’s inductance, Lc , at t=0. As
was stated in Section 3.7, a value for Ls , in relation to a Magstim Rapid stimulator
and connecting leads, o f 1 pH was obtained by measurement using a Wayne Kerr 
6425 impedance bridge. A method is therefore required to obtain a reasonable 
estimate o f Lc for the new coil geometries that will arise during this work’s
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optimisation algorithm. Such a method, suited to the axi-symmetric shapes that are to 
be generated in the optimisation scheme, is presented below.
7.4 A Method to Estimate Initial Axi-Symmetric Coil Inductance
As was seen in the previous section, in order to calculate the peak rate o f change o f  
current in a coil coupled to a biphasic stimulator using (7.6), a good estimate o f the 
coil inductance at the instant that the current begins to flow ( Lc at /=0) in the coil is
required. At that initial instant in time it will be noted that the skin and proximity 
effect will not have begun to influence the distribution o f  the current within the coil. 
As a result o f this, and the fact that the coils in the thin-wire electric field models used 
in this work’s New Shape and Main Modules will be represented as coaxial loops o f  
wire, use may be made o f the work o f Rosa and Grover [204] to estimate the 
inductance.
In the inductance calculations that follow, each coaxial loop in a particular thin-wire 
loop coil model for which the initial inductance is trying to be calculated, will be 
thought o f as a loop o f wire that has an actual cross-section. As was stated in Section 
3.7, the cross-section o f a Magstim HP90 coil is 6mm x 1.75mm, and it is this wire 
cross-section which will be assumed in all the initial inductance calculations 
undertaken in this work’s New Shape and Main Modules.
Starting with the coil’s self inductance Sc , this may be obtained by adding together 
the self inductances o f each o f the coaxial loops o f wire making up the coil’s model:
s<-=2 X  (7-7)
H—i
where N  refers to the number o f loops in the coil. Rosa and Grover provide a formula 
((88) in their work) after Weinstein for the self inductance o f a circular loop o f wire 
having a rectangular cross-section. This self inductance o f  loop n is given by:
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s. = /v.('‘i . + ' U  (™)
where p 0 is the permeability o f free space, and r is the radial distance o f the loop’s 
cross sectional centre from the coil’s axis. The factor o f An present in Rosa and 
Grover’s (88) is omitted in (7.8) due to the use o f SI units in this work. A, and are 
as follows:
^  = l0g^ +II“f 4 ' 08(1+;c2)+I I? ,0g(1+Jc2)+'iIx2l0g(1+? ) +
2 (  . ,
— x —  I tan x
3 v x.
(7.9)
W
9 6r
^log— - - j lo g ( l  + x 2) j ( l  + 3x 2) +  3.45jc2 1 .6 ^ x 3 + 3 .2 x 3 tan 1 x -
^ M i + * 2)+ ^ 4|og(,+? )
(7.10)
where w is the coil cross sectional width and x = ^ /  where h is the coil cross/ w
sectional height. As explained earlier h = 6mm and w = 1.75mm in this work.
Moving on to the mutual inductance o f the coil M c , this may be obtained by adding
together the mutual inductances o f each o f the concentric loops o f wire making up the 
coil’s model:
N  N
where n *  p
n=] p = 1
(7.11)
where N  refers to the number o f loops in the coil. Rosa and Grover provide a method 
to calculate the mutual inductance o f two coaxial loops o f wire o f rectangular cross
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□
□
Loop 1
Loop 2
Axis
Figure 7.2 - Two coaxial loops of wire have cross section
section in the equation that precedes (20) in their work. To understand the method, 
consider first two coaxial coil loops having rectangular cross sections where once 
again w is the coil cross sectional width and h is the coil cross sectional height:
Note that in this work hx = h2 and w, = w2.
Extending to two general loops n and p,  the mutual inductance between them is given 
by:
1 I d 2M 0 d 2U „ . d lM n . d 2M,
h /In (7 .12), xn = y  and likewise forp . M 0 is given by the expression:/  p
(  v ' '  
1 - —
v 2 ,
K ( k ) - E ( k ) (7.13)
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where the factor o f \ n  present in Rosa and Grover’s (1) is replaced by/^0 in (7.13)
due to the use o f  SI units in this work. K  and E are elliptic integrals o f the first and 
second kind respectively and k is given by:
k =
Aj ( r° +rr )2+ d ‘
(7.14)
The derivative terms in (7.12) are given by the following expressions:
d M 0
dxl
d 2M ,
= & -— \ K ( k ) - U £  
4 r 1 W  1 - k 2
1 - 2 1
E ( k )
d  M K  = {h C h - k 2) K ( k ) - 2 - k ‘
1- 2*2) 
l - * 2
E (k )
d  M 0 
dr2
(7.15)
(7.16)
(7.17)
(7.18)
where the factor o f y i  replaces^- present in Rosa and Grover’s (22) in (7.15) to
(7.18) due to the use o f  SI units in this work.
In this work it was found desirable to slightly improve the estimation o f mutual 
inductance provided by the above method. This was done by splitting the 
representation o f the coil cross section in the calculation into four separate coaxial 
coil loops as shown:
h/2{
w/2
1 2
3 4
Figure 7.3 - The cross section of a circular loop of wire split into four equal coaxial loops
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Here, each o f  the resulting loops was regarded as a separate loop for mutual 
inductance calculation purposes.
Thus, by using the above formulae, an estimate o f the coil inductance Lc at the instant 
that the current begins to flow (time /=0) may then be obtained by summing:
LC = S C + M C (7.19)
This value may then be used in (7.6) to calculate the maximum rate o f change o f  
current through a coil connected to a biphasic stimulator as in this work’s New Shape 
and Main modules. L at t=0 in that equation may be obtained by adding the stimulator 
and connecting leads’ combined inductance, Ls , to the coil’s inductance Lc from
(7.19).
It will be seen that an initial capacitor voltage V0 is also required in (7.6). In this
work’s New Shape and Main module work initially to be presented, this value was 
taken as 90% charge on a Magstim Rapid2 which was found by measurement to be 
1530V. Thus by using this value o f V0, Lc from (7.19) and Ls together in (7.6), the
value o f maximum rate o f change o f current to be used in this work’s New Shape and 
Main module electric field calculations is obtained.
7.5 The Choice of a Set of Coil Design Variables
In Section 7.2 it was seen that the optimisation problem to be solved in this work’s 
New Shape and Main Modules requires that the coil shape be described by a set or 
vector o f design variables. In the Main Module, these variables would be restricted to 
those that would alter the size o f a particular basic coil shape under consideration. 
However, in the New Shape Module, the variables would allow the coil shape to be 
altered more freely and both the coil basic shape and size could be altered. In this 
section, the question what would be a suitable set o f variables to be used in the New  
Shape Module is considered.
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□ rj Loop 1
zj
□
Axis o f symmetry
T2 Loop 2
(r,z)=(0,0)
Figure 7.4 - The r and z coordinates of the loop cross section centres o f an axisymmetric coaxial 
circular loop coil
A little thought will reveal that an axisymmetric coil represented as a group o f coaxial 
circular wire loops may have its shape described in many ways. Perhaps the simplest 
set o f variables describing such a coil would be one that allows the rand z coordinates 
o f each loop wire cross section centre (as in Figure 7.4) to be freely varied. This 
would allow very original coil shapes to be investigated and will be the set o f design 
variables used in the first report o f results from the New Shape Module described 
below.
Thus, in the first instance, the New Shape Module will be set to find coil shapes that 
minimise C(x) in (7.4). The number o f loops in the coil will be set at 14, the same 
number o f turns as a Magstim HP90 coil. The design variables will be the axial radius 
o f each coil loop, e.g. r, or r2 in Figure 7.4, and the height above the stimulation
plane (the line z = 0 in Figure 7.4) o f each loop, e.g. z, or z2 in Figure 7.4. It may be
seen that there will be 14 x 2 = 28 independently alterable variables. The limits placed 
on the radius variables will be 3mm to 100mm and for the height variables 3mm to 
50mm. Given a wire cross sectional height o f 6mm, the lower height limit will allow  
for the loop cross section centre to be able to be at a height o f 6mm + 2 = 3mm. The
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lower radius limit o f 3mm was chosen since anything smaller would result in a loop 
that could not be practicably formed.
The user’s inputs to the New Shape Module are the peak electric field constraint value 
to be used as Fm in (7.4) and the distance below the coil’s base at which the line
containing the electric field evaluation points is located. Using Figure 7.4 for 
illustration, this line o f points would be parallel to the line z = 0 and have a z 
coordinate having a minus value equal in magnitude to the distance entered as input 
by the user. Thus the line z = 0 is used as a datum line considered as the ‘base’ o f the 
coil.
It may be seen from examination o f (7.4) that the values o f the two constants c0 and
cp must be decided upon. After some considerable experimentation, taking about 2 -
3 hours, in running the New Shape Module, it was found that a value o f 106 was 
found to work well in both cases. This time compares with the solution time o f one 
circuit coupled two dimensional axisymmetric FEM model o f the gull-wing shaped 
coil seen in Section 7.12 o f some 23 minutes using the FEM code developed in this 
work on a Pentium 4 1.8 GHz personal computer. However, it must be borne in mind 
that the values o f cB and cp , once set, may be used for many executions o f the
module using different input values and do not need to be changed for each execution. 
The value is o f 106 is large enough to ensure that the function C(x) becomes rapidly 
more positive as either the focality or the electric field size constraint becomes worse. 
Nevertheless it was found that using constant values higher than 106 caused C(x) to 
become so much higher when the focality or the field constraint became worse that 
C(x) developed a number o f very sharp local minima within the variable space. This 
meant that the optimisation algorithm found it difficult to close in on the minima as 
solution values. Thus 106 was found to be a good trade o ff value that allowed the 
algorithm to close in on C(x) minima quite quickly but without becoming confused 
by sharp minima and constantly jumping about the variable space.
In addition, after discussion with the potential users o f the New Shape Module, it was 
decided that the field constraint value in the program need not be as strict as was 
originally coded. It was decided that the field constraint should be altered so that the
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desired peak electric field value at the point o f evaluation have an error tolerance o f 
10% either way. This was thought to make the program o f greater practical use 
because that tolerance would be acceptable. This alteration in the New Shape Module 
meant that (7.4) became:
C  (x ) = cJJ2 (x ) + cp jmax [o, ( |f„  -  / .  (x)| ■- 0. lFm ) J } (7.20)
7.6 Results from the New Shape Module
The New Shape Module, by finding the minima o f (7.20), was used to obtained new  
coil shapes as solutions. It should be noted that the Magstim HP90 coil, when used 
with a Magstim Rapid at 90% charge as reported in Section 3.7, is able to produce a 
peak electric field magnitude o f 210 V/m with a focality o f 110 mm at a distance o f  
12.5 mm below the base o f the coil. Therefore, to facilitate a direct comparison o f the 
focalities and peak fields o f the coil shapes suggested by the New Shape Module and 
those o f the HP90, the inputs used to the New Shape Module in this instance were a 
peak electric field magnitude o f 210 V/m and a distance below the coil o f  12.5 mm.
The New Shape Module was run many times for these inputs and many different 
solutions were obtained indicating that the compound function C(x) in (7.20) has 
numerous different design variable values that correspond to function minima given 
the inputs used. These solutions were all valid solutions -  i.e. coil shapes that when 
used with a Magstim Rapid at 90% charge produced an electric field o f within 10% 
o f 210 V/m at a distance o f 12.5mm below the coil base. As discussed in the final 
paragraph of Section 6.5, because o f the inherent random nature o f the Simulated 
Annealing procedure used to find the minimum o f C(x) and the fact that many 
function minima existed, running the New Shape Module produced a different answer 
each time it was run.
The results from a sample o f running the New Shape Module three times are 
presented below. In the graphs o f Figure 7.5, Figure 7.6 and Figure 7.7, plots o f the r 
and z  coordinates o f the solution coils’ loop cross section centres relative to the origin
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r = 0. z = 0. as in Figure 7.4.are given. Because o f  Figure 7.4*s z  axis symmetry, only 
the positive r  ha lf  o f  the graphs are shown. The exact values o f  the axial radius and 
height above the coil base for each loop from each run are shown in Appendix D. The 
other relevant results from each run are shown in the table below:
Run 1 Run 2 Run 3
Peak E field (V/m) 194.134 206.556 194.288
Focality (mm) 60 60 65
Final penalty function value 2500 2500 3025
45
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r - Radius (mm)
Figure 7.5 - 14 loop cross section centre locations from New Shape Module run 1
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Figure 7.6 - 14 loop cross section centre locations from New Shape Module run 2
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Figure 7.7 - 14 loop cross section centre locations from New Shape Module run 3
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It may be seen from the sample run results above that three different coil shapes have 
been suggested as solutions by the New Shape Module. Although all three shapes are 
distinct from one another they share the property that a number o f loops are present 
towards the bottom left hand comers o f the graphs. In addition, on each graph, some 
loops centres are located towards the left hand graph side, roughly forming a line 
parallel to the z  axis. Running the New Shape Module many times for the inputs o f  a 
peak field o f 210 V/m and a distance o f  12.5 mm below the coil base almost always 
results in solutions that share these shape properties.
From the above table it may be seen that the peak electric field values in the solution 
runs are within 10% o f the input value o f 210 V/m showing that the solutions are 
valid solutions as discussed above. The focalities o f two o f the coils are 60 mm, a 
value also obtained in other repeat program runs, and which appears to be the 
minimum focality coil obtainable in this problem. One o f  the coils in the table has a 
focality o f 65 mm, and this run is an example o f an occasion when the New Shape 
Module’s optimisation algorithm has got stuck on a local minimum o f the compound 
function C(x). Although this does not happen frequently, it is reported here for the 
sake o f completeness. If one o f the optimisation algorithms discussed in Section 6.2 
that does not share Simulated Annealing’s ability to find a global minimum from 
amongst a number o f  local minima was chosen as this work’s algorithm then it could 
be expected that the New Shape Module would become stuck far more often on local 
minima and miss the most focal coil shapes.
Finally, it should be noted that the focality o f each coil above is significantly better 
than the focality o f 110 mm obtained form the Magstim HP90 coil at 12.5mm. This is 
very encouraging and shows that the New Shape Module, given an user’s chosen peak 
field requirement and field assessment distance below a coil, is capable o f finding 
superior coil shapes than exist at present.
7.7 Choosing a Set of Basic Shape Variables
In the previous section it was seen that three shapes were suggested by the New Shape 
Module as shapes having good focality at a distance o f 12.5 mm below the coil base.
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In this section it will be seen how these shapes can be used to define a new basic 
shape that may be added to the Main Module’s database o f basic shapes for use in its 
optimisation work.
In the last section, all three shapes, although different, were seen to share some 
properties. These are firstly that some loops are arranged with their cross section 
centres roughly in a line parallel to the common axis shared by the coaxial loops -  i.e. 
roughly parallel to the z  axis in Figure 7.5, Figure 7.6 and Figure 7.7. Secondly, there 
are some loops whose cross sectional centres are towards the bottom left hand comer 
o f the Figures and whose centres are roughly in a line parallel to the r axis. This is 
summarised in Figure 7.8, where the loops in the illustrative coil are arranged with 
their cross sectional centres along one o f the two lines drawn, i.e. the loops fall into 
one o f  two groups.
These two groups form the basis for the description o f the new basic coil shape in that 
the variables describing the new shape are related to the groups. The variables 
suggested in this work are:
Axis o f symmetry
Group 1
,Group 2
(x,y)=(0,0)
Figure 7.8 - New coil basic shape showing the two loop groups
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1) The number o f loops in group 1. If the total number o f loops were known then 
the number o f loops in group 2 could be calculated by subtraction.
2) The common radius o f all the loops in group 1. This variable would have a 
lower limit of, say, 3 mm to ensure coil buildability. The upper limit could be 
10mm. If the radius o f every loop in group 2 were some fixed radial distance 
larger than this value, then this variable would also control the radius o f each 
loop in group 2.
3) The height o f the lowest loop in group 1. If the height o f every other loop in 
group 1 above the loop below it was fixed, then this variable would control the 
height o f each loop in group 1. In addition, this variable could be used to 
represent the height o f all the loops in group 2. A lower limit o f 3mm could be 
used since this would equal half the height o f the coil cross section to be used 
in this work. An upper limit o f 15mm could be used.
It may be seen by consideration o f the variables, that they contain within them the 
complete description o f  a coil geometry whose basic shape is similar to that seen in 
Figure 7.8 but whose size, in the form o f  the radius, height and number o f loops 
variables, is changeable. Clearly other variables could be chosen to approximate the 
shapes seen in Section 7.6. However the important factor in choosing any set o f  
variables is that it is possible to obtain from them a complete representation of a coil 
geometry which may then be used to model the field around a particular coil geometry 
in the Main Module program.
7.8 A Coil Shape More Easily Constructible Using Current Methods
Whilst it has the advantage o f  being considerably more focal than the Magstim HP90 
coil, the new basic coil shape presented in the last section has the disadvantage that it 
would be time consuming to build using current methods owing to the vertical stack 
o f loops in group one. Current methods are partially automated based on the 
assumption o f a gradually increasing turn radius. In these methods, a coil is built via a 
‘spinning’ process starting at the innermost turn and gradually moving to the
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outermost turn. It should be noted that the distance between turns need not remain 
uniform and various angles may exist between turns, as illustrated in Figure 7.9.
Thus it would be advantageous to alter the New Shape Module so that it was 
restricted in some way to only consider coil shapes that were buildable using current 
methods while still looking for coil shapes that are more focal than the Magstim 
HP90. This was achieved by changing the set o f design variables used in the New  
Shape Module from the simple loop r and z  locations used in Section 7.6 to a set that 
implicitly contained within them assumptions about the solution coil shape to be 
produced while also containing information about where and how the program could 
alter the coil shape. This could be done in a number o f  ways, but, with reference to 
Figure 7.9, for a coil having a particular number o f turns, the set o f variables chosen 
in this work are as in the list below. The total number o f turns in the coil was still kept 
at 14.
1) The number o f loops in section 1. This has a lower limit o f zero and an upper 
limit equal to 5. The number o f  turns in section 2 would be 5 minus the 
number o f turns in section 1. The number o f turns in section 3 was fixed at 9.
2) The radius o f the innermost loop in section 1. This had a lower limit o f 3 mm 
and an upper limit o f 10 mm. The horizontal distance between the loop cross 
section centres in section 1 was fixed at 2.0 mm.
3) The amount the radius o f the innermost loop in section 2 was greater than the 
innermost loop radius in section 1. This had a lower limit o f 5.8 mm and an 
upper limit o f 10mm. The horizontal distance between the loop cross section 
centres in section 2 was fixed at 2.0 mm
4) The amount the radius o f the innermost loop in section 3 was greater than the 
innermost loop radius in section 2. This had a lower limit o f 5.8 mm and an 
upper limit o f 15 mm. The horizontal distance between the loop cross section 
centres in section 3 was fixed at 5.8 mm
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5) The height above the coil base line o f the first loop in section 1. This had a 
lower limit o f 3mm (half the coil cross section’s height) and an upper limit o f  
15mm.
6) The angle o f dip between turns in section 1. This had a lower limit o f 0° and 
an upper limit o f  70°.
7) The angle o f dip between turns in section 2. This had a lower limit o f 0° and 
an upper limit o f  50°.
8) The angle o f  dip between turns in section 3. This had a lower limit o f 0° and 
an upper limit o f  30°.
Thus the set o f variables above restrict the nature o f the coil shape that can be 
suggested as a solution by the New Shape Module but still allow some freedom in its 
ability to vary the coil shape.
Some thought applied to the results o f Section 7.6, where the initial voltage across the 
stimulator capacitor was fixed at 90% charge i.e. 1530 V, reveals that different coil 
shapes to those suggested by the New Shape Module could be suggested by the 
program as meeting the target field value o f 210 V/m if the initial voltage were 
allowed to vary as part o f the optimisation process. This facility was added to the New  
Shape Module as used in Section 7.6 (i.e. with the simple r and z  set o f  geometry 
variables), and the program re-run for the same inputs as used in that section. Very 
similar results to those presented in Section 7.6 were obtained, and the initial voltage 
value obtained from the optimisation process tended to be close to 90% charge in each 
run.
However, even though similar results were obtained when including the capacitor 
charge as a variable with the r and z  variables, it does not follow that the same 
similarity would occur with the set o f variables listed above in this section. Therefore 
the final design variable to be added to the New Shape Module as described in this 
section was:
Richard Hughes 209
Improving The Focality O f Magnetic Stimulation Coils: Chapter 7
9) The initial stimulator capacitor voltage. This had a lower limit o f 10%, i.e. 
170V, and an upper limit o f 100%, i.e. 1700V.
Once the new set o f design variables were chosen, the New Shape Module program 
was altered to include code that allowed it to model the electric field around a set o f 
coaxial circular loops whose positions were calculated from the set o f  variables. A 
problem was then set for the New Shape Module to solve using the new variables. 
This was to solve the optimisation problem o f (7.20), and suggest the most focal coil 
it could given two inputs. These were that the line along which focality was judged 
would be 10 mm below the coil’s base line, and that the electric field at the point o f  
the greatest field should be within 10% o f 210 V/m.
The results o f  running the New Shape Module with this problem are given below. A 
set o f optimal design variable values found by the program were:
1) 3 loops in section 1. This meant that there should be 2 loops in section 2 and 9 
loops in section 3.
2) 4.8754 mm.
3) 6.1375 mm.
4) 4.1155 mm.
5) 6.4876 mm.
6) 65.5°.
7) 36.2°.
8) 7.4°.
9) 53.246% charge i.e. 905.19 V.
The focality o f  the coil was evaluated as 70mm.
A labelled drawing o f the solution coil is given in Figure 7.9. It may be seen that, in 
the plot o f the loops making up the coil, the loop arrangement resembles the wing 
shape o f a gull. Therefore it is proposed to call this coil shape a ‘gull-wing’ coil.
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Axis o f  sy m m etry Section  3
Section  2
Dip angle  3
Dip angle 2
Section
Base  line Dip angle
r  = 0
z = 0
Figure 7.9 - The gull-wing coil
As will be seen in the next section, the focality o f  a Magstim HP90 coil at a distance 
o f  10mm below the coil base is 100 mm. The focality o f  the gull-wing coil at that 
depth is therefore superior to the Magstim H P90 's  by 30 mm. a value which is very 
creditable considering that the variables involved in coming up with the gull-wing 
design were restrictive compared to the r  and z variables responsible for the designs 
seen in Section 7.6 and the gull-wing coil should be buildable by the present process.
In addition, it may be seen from variable 9 that the gull-wing coil should only require 
the stimulator capacitor be charged to 53% in order to achieve the field target value o f  
210 V/m at 10 mm below the coil base line. This is superior to the value o f  77% 
required when using the HP90 coil, as measured in the next section.
The gull-wing coil was therefore seen to have desirable properties in terms o f  its 
focality and the stimulator charge required to achieve a certain electric field value. As 
a result o f  this, it was decided that the gull-wing be adopted in this work as a new' 
basic shape. In the remainder o f  this work, starting at Section 7.11, it will be 
demonstrated how this basic shape can be used with this w ork 's  Main Module to 
solve a normalised nerve membrane potential optimisation problem. This means that 
it will first be necessary to decide on a set o f  variables that can alter the shape 's  size 
without changing its essential topology. Next the Finite Element Module will be used 
to obtain expressions for how the resistance and inductance o f  the coil change as the
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size governing variables are altered when the coil is used with a Magstim Rapid 
stimulator. Then these expressions will be used to add the gull-wing as a new basic 
shape in the Main Module’s database. Finally, the Main Module will be used to solve 
the membrane potential problem.
7.9 The Measurement of the Electric Field Due to an Axi-Symmetric 
Coil
In the previous section it was seen that the gull-wing coil was proposed by this work’s 
New Shape Module as a more focal coil in response to a set o f input values. It would 
be useful at this stage to verify that the focalities o f coil shapes proposed by the New  
Shape Module are the same as the focalities o f these shapes if  they were actually built 
as practical coils. Additionally, it would be useful to verify that the electric field 
values seen by the New Shape Module during its calculations o f field values at 
various points below the coil shapes it is considering during the optimisation process 
are close to the values that would be measured around these shapes if  the coil shapes 
were built.
It is therefore proposed to, in this section, take measurements o f the electric field
around a Magstim HP90 coil at various points below the coil. Then, it is proposed to
take the New Shape Module computer code and bypass the optimisation section o f the
• 2 • *code so that only a model o f a HP90 coil coupled to a Magstim Rapid stimulator is 
solved and the modelled electric field at the same points below the coil obtained as 
output from the program. The validity o f the program’s field modelling could then be 
investigated by comparison o f the measured and modelled field values at the points. 
To further validate the New Shape Module’s field modelling, the results o f  a similar 
comparison based upon the gull-wing coil will be presented in the next section.
In order to take measurements o f the electric field around the HP90 coil, some 
equipment capable o f taking reliable measurements was required. Such equipment 
was kindly supplied by the Magstim Company, and this equipment was the same as 
that used in [205] and designed by the University o f Sheffield. The equipment is 
reported in [205] to be accurate to within ±2%. The equipment is shown in Figure
Richard Hughes 212
Improving, The Focality O f Magnetic Stimulation Coils: Chapter 7
7.10 and consists o f  a printed circuit board (PCB) o f  concentric circular copper 
tracks, each o f  which has a 1 mm gap in the locations illustrated in Figure 7.11. 
(Figure 7.10 and Figure 7.11 are reproduced from [205] by kind courtesy o f  the 
Magstim Co. Ltd.) Each gap has wires connected to each end and. by applying a 
voltmeter across the pair o f  wires belonging to a particular gap. the voltage across the 
gap may be measured. It may be seen that the gaps are arranged so that voltage 
readings may be taken for each concentric track which are at radii ranging from 5 mm 
to 140 mm.
Twisted pairs of wire
The height o f  the PCB above the F1P90 coil could be altered and the height could be 
maintained by using adjustable plastic ties. The F1P90 was located such that its centre 
coincided with the centre o f  printed guidelines which were located on the base board 
directly below the tracks on the PCB. Thus voltage measurements could be made 
from the wires connected to the PCB for the particular height above the coil that the 
PCB was set to and for each 5 mm radius from the coil 's  axis. Due to the H P90 's  flat
Spirit level
Printed
gu ide lines
Figure 7.10 - A Magstim HP90 coil on the electric field measurement device
Figure 7.11 - The 1 mm gap layout on the field measurement device PCB tracks
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profile and axi-symmetry, measurements taken at a certain distance above the coil are 
the same as measurements taken at the same distance below the coil.
Now, it is possible to convert a voltage value measured across one o f the 1 mm gaps 
into a value representing the electric field magnitude around the coil at that particular 
location using the following method. This starts with the assumption that the electric 
field around an axi-symmetric coil, such as the HP90, exists only in the 0 direction 
and contains no components in the r and z  directions using a cylindrical coordinate 
system [206]. Given the design o f the track pattern on this measurement equipment’s 
PCB, the voltage measurement at each 1 mm gap is an indirect measurement o f  the 
electric field magnitude at that location. A formula to obtain the electric field 
magnitude from the voltage measured at a gap is given by (56) o f [206] and is:
|E| = E0 = — — (7.21)
2 n r -  g
where V is the voltage across a gap and g  is the gap distance, i.e. 1 mm.
Thus this measurement equipment was used to measure the electric field around a
% ■y
HP90 coil at the gap locations for a coil connected to a Magstim Rapid stimulator. In 
order to measure the peak electric field, i.e. the electric field at the beginning o f a 
current discharge pulse, the stimulator was allowed to charge and then was discharged 
for each gap voltage measurement taken. The voltage at each gap was analysed by 
connecting that gap’s wires to an oscilloscope and the voltage viewed on the 
oscilloscope’s screen. The peak voltage value could then be read off the oscilloscope. 
For these measurements, the stimulator’s capacitor was charged to 100%, i.e. 1700V.
The peak electric field around the HP90 coil as measured at the 1 mm gaps 
representing radii o f 5 mm to 140 mm when the PCB was positioned at heights from 
10 mm to 60 mm is plotted in Figure 7.12. Also in the figure are lines representing the 
peak electric field at the same points around the HP90 coupled to a Rapid2 stimulator 
obtained from the field modelling code o f the New Shape Module with the 
optimisation code bypassed as described above. It may be seen that the measured and 
modelled fields are in good agreement with one another. This gives one confidence
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Figure 7.12 - The measured and modelled electric field values at distances from 10 mm to 60 
mm above / below a HP90 coil
that the New Shape M odule 's  field modelling code provides sufficiently accurate field 
values from the HP90 model. A slight radial offset is present, and this can be 
attributed to the fact that the HP90 is modelled as a series o f  concentric circular loops 
rather than a spiral. Each turn 's  radius varies gradually around the spiral, whereas, in 
the model, each tu rn 's  radius is fixed. So, a slight, but not significant, discrepancy 
exists between each turn 's  radius in the actual HP90 and the computer models.
Additionally, running the model o f  the HP90 resulted in a reported coil focality o f  100 
mm at a distance o f  10 mm above the coil. It may be seen from the measured values 
in Figure 7.12 that the highest electric field value at 10 mm above the coil occurs at a 
radius o f  50 mm. This equates to a focality o f  2 x 50 = 100 mm. Therefore the field 
modelling code appears to be able to accurately evaluate the focality o f  a stimulating 
coil.
7.10 The Measurement of the Electric Field Due to the Gull-Wing  
Coil
In the previous section it was seen that the electric field modelling code o f  this w ork 's  
optimisation program s was able to correctly model the field around a HP90 coil
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coupled to a Magstim Rapid" stimulator as well as correctly predict the focality o f  the 
coil. In this section, a similar verification o f  the modelling code will be undertaken 
using this w ork 's  gull-wing coil design rather than a HP90 coil.
To facilitate the comparison, the gull-wing coil design described in Section 7.8 was 
first built at the Magstim C om pany 's  factory. Then, given that, like the HP90, the 
gull-wing coil is also axi-symmetrical and its electric field is also only in the 0 
direction, it was decided to use the same measuring equipment for the field around the 
gull-wing coil as was used for the HP90.
Thus, the gull-wing coil was positioned upside down on the measurement 
equipm ent 's  printed guidelines with its axis immediately above the guidelines' centre 
point. By being upside down, the printed circuit board could be moved to planes 
above the coil which would be the same as planes below the coil if it was the correct 
way around. Therefore field measurements which are as if they were below the coil 
could be made and, in the discussion that follows, the measured and modelled field 
values will be treated as if they were taken below the coil.
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Figure 7.13 - The measured and modelled electric field values at distances from 10 mm to 50 
mm below the gull-wing coil
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In this section’s work, field measurements and modelled field results were taken for 
the gull-wing coil in planes which were between 10 mm and 50 mm below the coil. A 
plot showing the field values obtained at radial points from 10 mm to 140 mm is 
given in Figure 7.13. For this case, the stimulator’s capacitor was charged to 40%, i.e. 
680 V.
From Figure 7.13 it can be seen that both the magnitudes and trends o f the measured 
and modelled fields are in general agreement with one another. However, slight radial 
and value offsets are present. As was the case for the HP90 coil, these can again be 
attributed to the fact that the coil is modelled as a series o f  horizontal rings rather than 
as a helical spiral; the constructed coil’s turns gradually taper in both radius and 
height around the coil, whereas the modelled coil has turns o f  constant height and 
radius. It may be seen that the radial offset is greater at 10 mm below the coil than for 
the other distances: thus the model is more accurate at distances further away from the 
coil. Nevertheless, the measured and modelled field values are close enough for the 
model to be deemed sufficiently accurate.
In Figure 7.13 it may be seen that the highest modelled field value at a distance o f  10 
mm below the coil occurs at a radius o f 35 mm. This equates to a coil focality o f 2 x 
35 = 70 mm. However, the highest measured field value at the same distance below  
the coil occurs at a radius o f 30 mm equating to a focality o f 60 mm. Given that the 
two focality values are reasonably close and the computer code is not over estimating 
the coil focality, and therefore not suggesting coils as being more focal than they 
actually are, this is considered to be acceptable.
7.11 The Choice of a Size Governing Variable for the Gull-Wing Coil
In Section 7.8 it was seen that the Gull-Wing Coil possesses desirable properties in 
terms o f good focality and ease o f buildability using already existing processes. Given 
these properties, it would be useful if  it were possible to add the gull-wing as a basic 
shape to the Main Module’s database o f basic shapes. In order to do this, it would be 
necessary to define a variable which alters the size o f the gull-wing coil whilst its 
basic topology remains the same during the Main Module’s optimisation process
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which is centred around finding the most focal coil that allows a certain nerve 
membrane potential value to be achieved at a certain distance below the coil. This 
section considers a suitable size governing variable for the gull-wing basic shape.
From Figure 7.9, it may be seen that the key feature o f the gull-wing coil’s topology is 
that it contains three sections. Other aspects o f the topology come from the variable 
values which were obtained from the revised New Shape Module output in Section 
7.8. These aspects are that the number o f turns in the coil equals 14, the number of  
turns in sections 1, 2 and 3 are 3, 2 and 9 respectively, and the angles o f dip between 
the turns in sections 1, 2 and 3 are 65.5°, 36.2° and 7.4° respectively. These aspects, if  
taken together, should always ensure that a coil geometry retains the gull-wing basic 
shape.
However, retaining just these aspects allows some flexibility in the coil size whilst the 
basic gull-wing topology is retained. It may be seen that the variable values presented 
in Section 7.8 may be translated into r and z values for the loop cross-section centre 
locations for each o f the coaxial loops making up the gull-wing coil geometry 
presented. These r and z values are given in Appendix E. Thus, taking these values as 
a base, it becomes apparent that, if  the r and z values are all multiplied by a common 
factor, the separation o f  all the turns making up the coil becomes greater or less with 
the factor (as does the radius o f  the innermost loop) while the topologically fixed 
aspects listed in the previous paragraph remain the same. Thus this factor becomes a 
variable by which the gull-wing coil size may be altered whilst the coil’s overall 
topology remains the same. It is this factor which is the size governing variable with 
which the gull-wing will be added as a new basic shape to this work’s Main Module’s 
database o f basic shapes.
7.12 Obtaining Resonant Frequency Resistance and Inductance 
Expressions for the Gull-Wing Basic Shape
In Section 2.5.3.2.1 it was explained that, when a new basic shape is added to this 
work’s Main Module’s database o f basic shapes, expressions for how the coil’s
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resistance and inductance when used with a stimulator and the resonant frequency of 
such a system change with the shape’s size governing variables are required. For the 
coil and biphasic stimulator combination considered in this work, this means that the 
expressions must yield the resistance and inductance for a particular size o f a certain 
basic shape which are the resistance and inductance at the resonant frequency which 
would exist when that coil is used with the particular biphasic stimulator under 
consideration together with the resonant frequency itself. These resistance, inductance 
and frequency values could then be used in (2.6) to obtain normalised nerve 
membrane potential values at locations around the coil. In this section it will be 
considered how resistance, inductance and frequency expressions can be obtained for 
the gull-wing new basic shape.
In the previous section, one size governing variable for the gull-wing shape was used 
and this variable is a size multiplication factor which causes the r and z  values o f the 
loop cross-section centres to increase or decrease with the factor. The first step in 
obtaining resistance, inductance and resonant frequency expressions is to decide what 
the limits are over which the size factor may be varied. In the lower limit, this is 
bound by the proximity that adjacent turn centres can be to one another. Each cross- 
section is 1.75 mm wide and, if  there is to be a gap o f at least 0.1 mm between each 
turn, then there needs to be a gap o f at least 1.85 mm between each turn cross-section 
centre. In the gull-wing coil o f Section 7.8, the smallest cross-section centre gap is 2.0 
mm. This means that the size factor variable when adding the gull-wing to the Main 
Module can have a lower limit o f 1.85 / 2.0 = 0.925. The upper limit is bound by the 
limit where the coil size has increased by enough to become difficult to handle. This 
would equate to a size factor o f about 5. Therefore the size factor variable for the gull- 
wing basic shape in the Main Module would have lower and upper limits o f 0.925 and 
5 respectively.
The next step in obtaining the expressions is to decide upon at which values o f the 
size factor variable should Finite Element Method (FEM) Module models o f the gull- 
wing shape coupled to a Magstim Rapid stimulator be solved. The FEM Module 
would calculate the resistance, inductance and resonant frequency o f coils o f those 
sizes and the resistance, inductance and resonant frequency at intermediate size values 
would then be obtained by interpolation. For the expressions to be reasonably
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accurate. FEM models would need to be solved at sufficient points over the size factor 
variable 's  range to maintain the accuracy o f  the interpolation. In this work, it was 
decided that FEM Module models would be used to obtain resistance, inductance and 
resonant frequency values for a size factor variable value o f  0.925 then at 0.5 intervals 
over the range 1.0 to 5.0.
Thus FEM meshes were constructed using the gmsh computer program o f  gull-wing 
coils o f  the relevant sizes. These meshes were then used as input to the circuit coupled 
time domain FEM program used in Section 5.12 to obtain the resonant frequencies o f  
those gull-wing coil sizes when used with a Magstim Rapid" stimulator. Then, as in 
Section 5.12. a frequency domain FEM model at the resonant frequency was solved 
for each mesh to give the resonant frequency resistance and inductance o f  each size o f  
gull-wing coil as required. These resistance, inductance and resonant frequency values 
are tabulated in Appendix F and are plotted as points in Figure 7.14 and Figure 7.15.
Size factorvs resistance and inductance for the gull-wing basic shape
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Figure 7.14 - Gull-wing shape resistance and inductance for different size factor variable values
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S ize  fac to r vs resonant frequency for the gull-w ing basic shape
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Figure 7.15 - Gull-wing shape resonant frequency for different size factor variable values
The question then remains o f  what interpolation scheme will he used to obtain 
resistance, inductance and resonant frequency values at size factor variable values 
between those at which FEM models have been solved. In this work, it was decided 
that linear interpolation would be used. Here, in the expression for linear interpolation 
that follows, x  values represent the size factor, y  values represent either resistance, 
inductance or resonant frequency values depending upon which one is desired to be 
obtained, subscript 0 values represent values at the next lowest size factor value at 
which resistance, inductance or resonant frequency values are known, subscript I 
values represent values at the next highest size factor value at which resistance, 
inductance or resonant frequency values are known, the subscriptless x value is the 
size factor value at which the resistance, inductance or resonant frequency is desired 
to be known and the subscriptless y  value is the actual resistance, inductance or 
resonant frequency value which is desired to be known. Thus linear interpolation 
[207] as used in this work may be expressed as:
y  = To + ( x  -  (7-2 2 )
A ', -  X n
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Therefore the resistance, inductance and resonant frequency expressions to be used 
when adding the gull-wing basic shape to the Main Module database in this work are 
actually (7.22) used together with the resistance, inductance and resonant frequency 
values plotted as points in Figure 7.14 and Figure 7.15 and tabulated in Appendix F. 
The graphs o f Figure 7.14 and Figure 7.15 show the linear interpolation o f (7.22) 
between the point values that have been obtained using this work’s FEM Module.
7.13 The Use of the Main Module to Solve a Nerve Membrane 
Potential Problem Using the Gull-Wing Basic Shape
Once expressions for the resistance, inductance and resonant frequency o f  the gull- 
wing basic shape in terms o f  the size factor variable had been added to this work’s 
Main Module, it was decided to attempt to use the Main Module to solve an 
optimisation problem. This involved using the Main Module to find a size o f gull- 
wing coil that would, when used coupled to a Magstim Rapid2 stimulator, produce a 
normalised nerve membrane potential value within 10% o f a specified value at a 
certain distance below the coil. In addition, the coil should be as focal as possible.
Thus the Main Module would use the same simulated annealing optimisation code as 
the New Shape Module except that the expression whose minimum was being sought 
was:
C (x) = C.U1 (x) + cp | max [o. (|K„ -  v„„ (x)| -  0.1 V„m ) J  j (7.23)
where the notation and constant values are as was used in (7.20) in Section 7.5 except 
that the penalty function field values are replaced by a target normalised nerve 
membrane potential Vnm and an actual running normalised nerve membrane potential
value vnm which depends on the design variable value (the size factor) at a particular
iteration o f the optimisation process. Thus the first term on the right hand side o f  
(7.23) refers to the coil focality and is evaluated as in the New Shape Module from
Richard Hughes 222
Improving The Focality O f Magnetic Stimulation Coils: Chapter 7
the electric field modelling computer code. The second term on the right hand side 
refers to getting as close as possible to within 10% o f a Vnm value and the running vnm 
value is evaluated using (2.6). In this evaluation o f (2.6) the peak electric field value 
E0 is obtained from the electric field modelling code as in the New Shape Module
and the values Rtot, Ltot and co are obtained using the expressions for coil resistance,
inductance and resonant frequency referred to at the beginning o f the last paragraph 
based upon the size factor value at the optimisation iteration in question. It will be 
remembered that Rwl and L1o1 are obtained by adding the values obtained from the
resistance and inductance expressions to the stimulator and lead resistance and 
inductances as appropriate.
From (2.6), it may be seen that that expression contains a time term t. The question 
then arises o f at what t value should (2.6) be evaluated in order to obtain the vnm value
at a particular optimisation iteration. In [49], [63] and [208] it may be seen that the 
largest nerve membrane potential during transcranial magnetic stimulation (where the 
nerve membrane time constant, RmCm -  rm « 150//sin (2.6) as evaluated by Barker et
al.) occurs three quarters o f the way into the stimulator current pulse. Given that a rm
value o f 150//.S will be used in the Main Module, the vnm value will be evaluated at a
t value equal to three quarters o f the current pulse period as calculated from the 
resonant frequency obtained from the resonant frequency interpolated expression 
relevant to the size factor value in question. It will be noted that, in the Main Module, 
the magnitude o f vnm will be used as the value in the optimisation process as it does
not matter for stimulation to occur whether the nerve membrane potential exceeds an 
action potential value in the positive or negative direction from zero, and in the 
studies above, the stimulation at three quarter current pulse period occurs when the 
nerve membrane potential is negative,
For the sample Main Module gull-wing shape optimisation problem it was decided to 
ask the program to find the most focal gull-wing coil that would produce a normalised 
nerve membrane potential o f within 10% o f 2.8m V at a distance below the coil plane 
o f 10 mm. The solution coil from the program was a gull-wing shaped coil with a size 
factor variable o f 1.36. This coil resulted in a resonant frequency (obtained by
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interpolation using the expression outlined in the last section) o f  4.01 kHz when used 
with a Magstim Rapid2 stimulator and the resonant frequency resistance and 
inductance o f the coil was found by interpolation as 61mf2 and 7.09 pH respectively. 
The normalised nerve membrane potential resulting from using the coil at 10 mm 
below the coil was -2.68 mV which is within 10% by magnitude o f the target o f 2.8 
mV. It should be noted that the stimulator charge level was fixed at 40% charge, i.e. 
680V, for this demonstration o f the Main Module. The coil focality was evaluated as 
85 mm.
Thus it has been seen in this section that this work’s Main Module is able to 
successfully use optimisation to find a certain size o f a basic shape within its database 
of shapes that meets a particular normalised nerve membrane potential value at a 
particular distance below the coil’s plane. To do this, in addition to the module’s own 
code, successful use has been made o f the New Shape module to find the gull-wing 
shape in the beginning and the FEM Module to obtain the resonant frequency, 
resistance and inductance expressions on which the Main Module depends.
7.14 Conclusions
In this chapter it has been seen how this work’s Main, New Shape and Finite Element 
Method (FEM) Modules can be used together to find a size and shape o f coil that can 
meet a certain normalised nerve membrane potential value at a certain distance below  
the coil.
It was firstly seen how the desire to find the most focal coil shape can be converted 
into an objective function to be used with this work’s simulated annealing 
optimisation computer program. Then it was explained that it is necessary to set a 
target peak electric field value when searching for coil shapes using this work’s New  
Shape Module. It was seen that this target can be converted into a penalty function for 
use with the optimisation code. A composite function was then constructed for the 
New Shape Module’s optimisation code from the objective and penalty functions.
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The necessity to calculate the peak electric fields that would arise when coil 
geometries were used with a stimulator during the New Shape and Main Module’s 
optimisation process meant that a method to calculate this peak electric field was 
presented based upon the initial coil inductance.
The choice o f design variables to be used with the New Shape Module’s optimisation 
was then discussed. Variables based on simple r and z  loop locations and those better 
suited to more constructible shapes were presented. The New Shape Module was used 
to find coil shapes which were then detailed and the gull-wing coil was given as an 
example o f a more constructible coil shape.
The importance o f ensuring that the field modelling code o f the New Shape and Main 
Modules was functioning correctly was emphasised and field measurements around 
the gull-wing coil and a Magstim HP90 were taken. These were found to closely 
match what the computer code expected to find around such shapes and the computer 
code was deemed to be modelling electric field correctly.
The Main Module was then discussed. The objective function to be used with the 
simulated annealing optimisation code was detailed and this was found to be very 
close to that o f the New Shape Module except that the penalty function involved 
normalised nerve membrane values instead o f electric field values. A set o f size 
governing only design variables was presented so as to add the gull-wing as a basic 
shape to the Main Module’s database. This set had a single element in this example 
which was the size factor variable. The FEM Module was then used to establish how a 
gull-wing shaped coil’s resonant frequency, resistance and inductance would vary 
with the size factor at certain regularly spaced size factor values. Linear interpolation 
was then used to form expressions for the gull-wing shape’s resonant frequency, 
resistance and inductance with size factor which was used to add the gull-wing basic 
shape to the Main Module’s database o f shapes. The Main Module’s optimisation 
process was found to involve repetitive evaluations o f the normalised nerve 
membrane potential expression given in (2.6) from Section 2.3.
Finally, the Main Module was used to find a size o f gull-wing shaped coil that could 
induce a certain normalised nerve membrane potential value at a certain distance
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below the coil. This size o f coil had a size factor o f 1.36 and the optimisation process 
was set to ensure that the coil was as focal as possible. This resulted in a coil focality 
o f 85 mm. Thus, by this stage, this work’s tri-modular approach was deemed to be 
working as expected and how all three computer code modules work together had 
been demonstrated.
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8 Conclusions
In this thesis a novel tri-modular computer program solution to finding more focal 
magnetic stimulation coil geometries has been presented and shown to be working 
effectively. The system combines a simulated annealing optimisation engine with thin 
wire approximation electromagnetic modelling computer code so that new coil shapes 
can be searched for -  the New Shape Module. New shapes are reported and a new  
basic coil shape, the ‘gull-wing’ shape, that can be built using present methods, is also 
reported on.
Finite Element Method (FEM) modelling is used to construct expressions for the 
resistance, inductance and resonant frequency o f  certain basic coil topologies when 
used with a biphasic stimulator, in terms o f  size governing variables. These 
expressions allow the same optimisation and field modelling engine as the New Shape 
Module to be used to search for the sizes o f basic shapes that are as focal as possible, 
whilst meeting a certain normalised nerve membrane potential value -  in the Main 
Module. Use is made o f (2.6) when calculating nerve membrane potential values. This 
module is shown to work using the gull-wing basic shape.
In Chapter 3, the modelling o f stimulation coils as coils o f infinitesimally thin wire is 
investigated so as to provide a method o f reducing the computational demands o f  
some o f the electromagnetic modelling required to be undertaken in this work. There, 
two approximations to the shape o f a spiral coil are investigated -  namely the 
discretised thin-wire model and the model o f  a spiral as concentric loops o f thin wire. 
The accuracy o f the electric field values obtained from these models is reported upon 
for the first time. Given the good accuracy o f  these values, and the speed o f execution 
o f the computer models, it is decided that the technique o f  modelling coils as loops o f  
thin-wires would be a good choice for use with the axi-symmetric shape modelling 
undertaken in the Main and New Shape Modules o f this work.
In Chapter 4, the T -0  method FEM formulation is introduced and in Section 4.3 a 
case is made for its use in this work’s Finite Element Module. The frequency domain
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version o f the formulation is then explained in some detail. It is shown that the 
method is capable o f efficiently producing accurate results using the QMRPACK 
solver for the singular equation system that results. This leads to results being 
presented that show the T-O method in use for the first time to solve a model that 
includes the internal structure o f a magnetic stimulation coil. Results are presented to 
show the 2D axi-symmetric frequency domain T -0  method correctly taking the skin 
and proximity effects into account and accurately modelling the current density 
within, and the magnetic field around, a Magstim HP90 coil used with a Magstim 
Rapid stimulator.
Chapter 5 discusses the Finite Element Module and explains that the frequency 
content o f the current pulse that arises when a new coil geometry (that may have 
arisen during an optimisation iteration) is used with a particular stimulator is not 
known a priori, meaning that the frequency domain FEM program o f Chapter 4 
cannot be directly used in this work to find the resistance, inductance and resonant 
frequency o f  a stimulation coil and biphasic stimulator pairing. A circuit coupled time 
domain FEM model is therefore required in order to find the resonant frequency o f the 
current pulse that would arise when a coil is used with a particular stimulator. The 
chapter continues by showing that the electromagnetics that underlie magnetic 
stimulation are an example o f a diffusion process which then helps in understanding 
the criteria for the time step size to be used in the time domain FEM modelling. Then, 
the time domain form o f the 2D axi-symmetric T-O FEM formulation is presented 
which uses the implicit Galerkin time stepping method, and this is shown to be 
unconditionally numerically stable.
Chapter 5 then continues by presenting work that demonstrates how matrix 
conditioning affects solver convergence with the time domain FEM formulation 
chosen for use in this work. A minimum time step value is suggested so that 
convergence problems are avoided. The time domain FEM formulation is then shown 
to be able to adequately model a Magstim HP90 coil driven by a current pulse at the 
resonant frequency o f 2.5 kHz. Then, a method for coupling the time domain FEM 
model to a circuit model o f a biphasic stimulator is presented, before the chapter 
closes by reporting on how the coupled model can be used to accurately predict the 
resistance and inductance o f a HP90 coil when used with a Magstim Rapid2 biphasic
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stimulator. The proposed method involves obtaining the resonant frequency o f the coil 
/ stimulator pairing from the coupled time domain model. The frequency domain 
model is then run at the resonant frequency to obtain the resistance and inductance o f  
the coil at that frequency. This method constitutes this work’s proposed Finite 
Element Module and is a novel approach to modelling stimulating coils and obtaining 
their resonant frequency resistance and inductance.
When taken as a whole, it is felt that the FEM modelling undertaken in this work has 
been a success. This is because the T-O FEM formulation, in both the frequency and 
time domains, has proven to be efficient and accurate. The formulation lent itself well 
to circuit coupling and the practise o f running the coupled code followed by one run 
o f the frequency domain code was not felt to be too cumbersome. As a result, this 
FEM modelling technique would be recommended for use in future work.
Chapter 6 introduces the simulated annealing (SA) optimisation algorithm and 
outlines why the technique has been chosen for the optimisation work in the New  
Shape and Main Modules. The chapter presents for the first time how the SA can be 
combined with a penalty function, the representation o f an axi-symmetric coil as 
concentric loops o f thin wire in an electric field model, coil geometry design variables 
with constraint limits and a means o f translating the design variables into loop 
positions in order to solve a sample optimisation problem involving the geometry o f  a 
stimulating coil. Given the accuracy o f the SA based method when solving the sample 
problem of Section 6.6, and the rapid computer execution times involved, it was 
decided that the method was a success and that the SA would prove to be a good 
choice as the optimisation technique upon which to build the New Shape and Main 
Modules. It would also be eminently suitable for use in future, related, optimisation 
work.
Chapter 7 explains how the optimisation computer program developed in Chapter 6 
can be expanded into this work’s New Shape and Main Modules. It is seen how 
objective, penalty and compound functions can be developed for the optimisation 
code so that coil shapes which are as focal as possible, and meet a certain specified 
target electric field value, can be searched for. A method to calculate the peak electric 
field obtainable for a coil shape, when it is used with a particular stimulating machine,
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and that is based upon the initial coil inductance, is identified and presented in the 
chapter.
The chapter then goes on to consider the choice o f design variables to be used in the 
New Shape Module. Variables based on simple r  and z loop locations and those better 
suited to more constructible shapes were identified. The N ew  Shape Module was then 
used to find new shapes based on r and z variables and the more buildable variables. 
The gull-wing new coil shape is given as an example o f  a more constructible coil 
shape. Then, evidence from electric field measurements taken around a gull-wing coil 
and a Magstim HP90 coil is presented to show that the field modelling code o f the 
New Shape and Main Modules is functioning correctly.
The Main Module is then discussed. The compound function to be used with the 
simulated annealing optimisation code is detailed and this is found to be similar to 
that o f the New Shape Module except that the penalty function involves normalised 
nerve membrane values instead o f electric field values. The gull-wing is then added as 
a new basic shape to the Main Module database o f shapes. The size governing 
variable in this instance is identified as the coil size factor whose nature is explained 
in Section 7.11.
The FEM Module is then used to establish how a gull-wing shaped coil’s resonant 
frequency, resistance and inductance would vary with the size factor at certain 
regularly spaced size factor values. These values together with linear interpolation are 
used to form expressions for the gull-wing shape’s resonant frequency, resistance and 
inductance with size factor which are used to add the gull-wing basic shape to the 
Main Module’s database o f shapes. Then the Main Module is used to find a size o f  
gull-wing shaped coil that can induce a certain normalised nerve membrane potential 
value at a certain distance below the coil and is deemed to be working as desired.
Thus, this work in its totality demonstrates a novel tri-modular method o f using SA 
optimisation, FEM field modelling and thin-wire field modelling to find new 
stimulating coil shapes. The method is demonstrated for axi-symmetric coils and in 
addition to finding more focal coil shapes ensures that the shapes suggested as 
solutions meet either a required electric field value or a certain normalised nerve
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membrane potential value. Given the tri-modular approach’s ability to successfully 
find novel more focal shapes that meet a certain normalised nerve membrane potential 
value and to do this accurately and without the need to run repetitive FEM models as 
part o f the optimisation algorithm, the approach was deemed to be a success. The 
approach has the additional advantage that the Main and New Shape Modules may be 
used by people who are not familiar with the FEM and its requirement for correctly 
defined meshes.
As it stands, this work may be usefully developed in a number of ways. For example, 
the New Shape Module optimisation program could be extended beyond simply 
considering axi-symmetric coil shapes. Shapes similar to the double spiral coil, or 
shapes with more than two wings, could be considered and optimisation used to find 
the required angle between the coil’s wings to achieve a target electric field value 
using the most focal coil geometry possible. The same circular loop thin-wire code 
could be used to model the field around approximations to the coil shapes. However, 
if  it was desired to use non-axisymmetric coil shapes as basic shapes in the Main 
Module it should be noted that the present axi-symmetric FEM Module would need to 
be extended to a full three dimensional modelling tool in order to be able to construct 
expressions for the resistance, inductance and resonant frequency o f the shapes in 
terms o f their size governing variables. This would be because the skin and proximity 
effects would be different in different parts o f the coil structures and would not take 
simpler axi-symmetric configurations as with axi-symmetric coil shapes. The T-O 
FEM formulation presented in this work would extend easily to modelling stimulation 
coils in three dimensions.
A further development could be to move beyond shapes that can be approximated 
using circular loops o f thin wire and consider shapes that have sharp angles in their 
topologies such as the four leaf shape discussed in Section 1.5. This would mean 
changing the electric field modelling code o f the New Shape and Main Modules away 
from that using circular loops o f wire and instead adopting modelling code using the 
segmented thin-wire technique presented in Sections 3.3 and 3.4. Such code would 
take longer to run but would offer greater flexibility. It could be noted that, at present, 
coils having sharp angles would take longer to fabricate than coils based on circular 
loops, which may be built using a spinning process. However, in the future, if  coils
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with sharp angles were found to have particularly desirable properties, altering the 
repetitive manufacturing process to accommodate such coils could be investigated and 
considered.
In this work, the Main Module is based upon achieving a focal coil geometry that 
meets a required normalised nerve membrane potential. In reality, eventually, it may 
be more desirable to be able to find a coil geometry that meets an actual nerve 
membrane potential value in order to ensure that an action potential is triggered. In 
order to achieve this, the Main Module could be extended to include an FEM model 
o f a human head which has currents induced in it by a nearby coil which would be 
modelled using a thin-wire technique. With this combined FEM / thin-wire model a 
user could enter a desired nerve membrane potential value for a location within the 
head and sizes o f different basic coil shapes could be searched for using optimisation 
that result in that value being achieved with the best possible focality. The T-O 
formulation could easily be used for such a model o f the structure o f the human head.
During the period when the work described in this thesis was being undertaken, some 
interesting work by Roth et al was published [209]. In the work, the authors introduce 
a new coil shape called a Hesed coil. This coil has a number o f turns which 
incorporate some sharp 90° turns so that part o f the coil juts up perpendicularly to the 
plane occupied by most o f the coil. The objective o f this shape is to be able to achieve 
stimulation at depth without the very high electric field values seen in tissue closer to 
the coil that occurs with spiral or double spiral type coils. It is reported that the Hesed 
coil achieves at least improved results in this respect. The paper then goes on to 
discuss the possibility o f exploiting the temporal characteristics o f nerves in order to 
achieve much better results in stimulating deep tissue without stimulating more 
shallow tissue. A type o f Hesed coil is presented where the current pulse in different 
turns o f the coil may be independently controlled. Then, by adjusting when current is 
sent through the different turns, and by exploiting how long it takes the tissue 
primarily affected by the current in particular turns to be most susceptible to 
excitation by the current in subsequently activated turns, it becomes possible to 
stimulate tissue at depth preferentially. Such a system is termed Time Summation 
Multichannel Transcranial Magnetic Stimulation (tmTMS). Promising results are 
presented for this system.
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Therefore it seems, at the moment, that tmTMS offers the most promising system for 
stimulating tissue at depth without unintentionally stimulating more shallow tissue. It 
would be interesting to investigate in the future whether the simulated annealing 
optimisation engine developed in this thesis could be used to establish the optimal 
way o f sending current through the turns o f  a tmTMS coil in order to stimulate a 
particular location. Segmented thin-wire modelling could be used to model the 
electric field due to such a coil and a T-O formulation FEM model o f a head could be 
used together with equations for how tissue reacts to field in the time immediately 
after first being excited.
Finally, it should be added that a preliminary investigation was undertaken in this 
work into how coil heating affects the electric field around magnetic stimulation coils. 
To do this, a Magstim HP90 coil was connected to a Magstim Rapid2 stimulator and a 
continuous train o f pulses discharged into the coil until its temperature rose, as 
measured using a spot temperature measurement gun, and became constant. The 
electric field around the coil was measured using the same probe as that used to 
measure the field in Sections 7.9 and 7.10. No change in electric field was visible 
when the coil was hot compared to that measured at the first biphasic pulse. Given 
that this initial experiment implied that heating does not affect the electric field 
around a stimulation coil, no further investigations were undertaken into this topic.
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Appendix A
The human nerve [6]. shown in Figure A . l ,  consists o f  a nucleus surrounded by a cell 
body out o f  which extends a long axon surrounded by a sheath o f  myelin. It is this 
axon which can be thought o f  as the nerve fibre. A nerve is exercised, that is a 
‘signal’ is generated along its length, when an ‘action potential’ occurs at a point 
somewhere along the axon.
Consider the m em brane that forms the outer surface o f  an axon. At rest, the region 
just within the m em brane o f  such an axon is usually negatively charged owing to 
there being a lower concentration o f  positive sodium ions and a higher concentration 
o f  positive potassium ions. Thus the transmembrane potential can be thought o f  as 
normally being negative (in fact this is about -70 mV). When an action potential 
occurs, the potential inside the nerve fibre at that point is increased above a certain 
threshold value because the membrane there becomes more permeable to sodium ions 
which enter the axon. This in turn causes the membrane to become even more 
permeable to the ions and a rapid increase in transmembrane potential occurs,
Nodes
Cell Body
Nucleus
Axon Myelin Sheath Ranvier
Figure A.l  - Labelled diagram of a myelinated human nerve cell (part courtesy o f  topfloormusic.com  
image gallery)
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reversing the polarity o f the potential. If the stimulus was removed before the 
potential increased above the threshold value then the potential would simply return to 
its resting negative value and no action potential would have been generated. It could 
be noted that a stronger sensation does not equate to a higher positive transmembrane 
potential, but rather is signalled by an increase in the repetition o f  action potentials.
Once an action potential has occurred at a certain point along a nerve fibre, then this 
signal is transmitted along the axon. This occurs owing to the localised increase o f the 
permeability o f the nerve membrane in the region adjacent to that where the original 
action potential has occurred. This causes positive sodium ions to enter at the new 
location and an action potential to occur there. The process continues along the nerve 
until the action potential has been ‘transmitted’ along its length. This occurs in both 
directions along the nerve but, in nature, action potentials are normally only initiated 
at the end o f axons.
It may be seen from Figure A .l that a myelin sheath punctuated by nodes o f Ranvier 
normally surrounds a nerve fibre. This is an insulating layer and has the effect that, in 
between the nodes, the nerve membrane is impermeable to sodium ions. As a result, 
when an action potential occurs, the depolarisation around the nerve membrane at the 
action potential location causes the excess positive sodium ions to effectively travel 
along the nerve fibre to the location o f the next node o f Ranvier (owing to the 
attraction o f the overall negative polarity at that location). The action potential 
therefore propagates along the nerve fibre by jumping from node to node. As a result 
o f this phenomenon an action potential can travel along a nerve covered by a myelin 
sheath some ten times more quickly than a nerve not covered by a sheath. Most nerves 
in the human body are myelinated [6].
It may be clear from the above that, in magnetic stimulation, the objective is to pass 
current pulses through a stimulation coil and, by holding the coil above the body, to 
induce currents in the tissue that cause nerve action potentials to occur in the desired 
nerves. The problem with magnetic stimulation as it currently stands is that, without 
trial and error, it is difficult to work out beforehand whether the nerves that are 
desired to be stimulated actually will have action potentials generated in them. A 
further difficulty is that the broad nature o f the electric field around the coil means
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that action potentials get generated in nerves that it was not desired to stimulate. As 
stated in Section 1.1, the purpose o f this work is to try and find improved coil 
geometries with more focal field profiles so that stimulating the intended nerves 
becomes easier and stimulating unintended nerves is avoided.
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Appendix B
This appendix contains the parameters used in the thin-wire models o f  a helix, whose 
results are plotted in Section 3.9. A rate o f  change o f  current o f  1 A/s was assumed in 
the models.
Figure B.l - The heli x as represented in the discretised thin-wire modeller with lines o f field points  
below it
Parameters o f  the helix when represented as a helix in the discretised thin-wire 
modeller (coordinates and distances in mm):
N um ber o f  straight segments: 3000
Helix type: Right handed
Helix axis: z axis
Helix start point coordinates: (0. 50. -3)
Helix end point coordinates: (0. 50. 37)
Vertical turn spacing: 4
N um ber o f  turns: 10
Helix radius: 50
Helix x axis crossing point: (50. 0. 0)
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Parameters o f the helix when represented 
(dimensions in mm):
Loop radii:
Loop axes:
Loop centre point coordinates:
vertically stacked circular thin-wire loops 
50
z axis
(0,0,0), (0,0,4), (0,0,8), (0,0,12), (0,0,16), 
(0,0,20), (0,0,24), (0,0,28), (0,0,32), 
(0,0,36)
as
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Appendix C
The graph presented below gives the values o f  the coil drive current and instantaneous 
resistance calculated at different time step values during the solution o f  the circuit 
coupled model o f  a M agstim HP90 coil coupled to a Magstim Rapid2 stimulator 
discussed in Section 5.12.
Modelled current and instantaneous resistance in circuit coupled model of HP90 coil
and Rapid2 stimulator
6 00E-024000
500E-02
<
cco  .- 3 00E-02 O
3o
1.00E-02
5 00E-05 3 OOE-04 350E-04 4 00E-04 4 50E-04tOOE-04 T50E-04 2 00E-04 2 50E-04
T im e  (s )
Figure C .l - The modelled current and instantaneous resistance in a circuit coupled model o f a 
Magstim HP90 coil with a Rapid2 stimulator
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Appendix D
The values given below are the loop cross sectional centre axial radius and height 
above coil base arising from the three runs o f the New Shape Module discussed in 
Section 7.6 on page 202.
Results from run 1:
Loop R ad iu s Height
(m m ) (mm)
1 6 .4 5 3 9 2 3 .1 6 0 7 2
2 1 2 .6 4 9 6 4 1 .6 2 6 2
3 4 .5 8 7 5 9 4 5 .8 5 5 6
4 4 .9 8 9 5 4 6 .4 3 6 4
5 1 2 .3 1 0 4 3 .3 1 7 0 4
6 3 .7 0 0 1 1 1 6 .2 1 2
7 7 .1 8 2 0 6 1 4 .5 2 4 2
8 1 1 .7 5 7 5 5 .2 2 3 8 5
9 8 .8 1 7 8 1 9 .2 8 6 5 8
10 1 1 .7 0 0 4 3 .0 8 4 9 3
11 1 4 .9 4 4 5 7 .3 5 7 8 8
12 1 0 .0 0 9 8 3 .0 7 6 7 5
13 7 .0 0 0 2 3 4 .8 8 3 0 1
14 4 .0 0 8 7 2 4 7 .3521
Results form run 2:
Loop R adius Height
(m m ) (mm)
1 5 .9 5 2 0 1 1 8 .1 7 8
2 7 .6 8 0 5 3 4 .6 1 4 8 5
3 6 .1 0 4 9 1 4 2 .5 5 8 6
4 3 .5 3 3 3 .7 7 8 8 6
5 3 .6 1 5 3 4 .5 2 1 4 4
6 3 .5 3 0 0 4 2 8 .6 7 5 3
7 1 2 .3 4 5 3 .2 5 6 1 8
8 1 0 .3 1 6 3 4 .7 3 3 7 2
9 4 .8 9 6 2 2 1 5 .0 5 4 2
10 9 .7 0 3 6 8 3 .0 1 1 9 8
11 1 2 .0 3 0 5 1 7 .0 7 6 5
12 1 4 .7 5 4 3 .77291
13 5 .3 8 6 2 6 .8 2 8 7
14 1 1 .2 5 6 4 3 .8 0 5 9
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R e s u lt s  fro m  run 3:
Loop R adius Height
(mm) (m m)
1 17 .8311 1 0 .6 3 9 9
2 5 .3 0 5 4 8 3 .4 0 4 2 8
3 6 .5 9 3 5 4 .9 6 9 3 9
4 1 6 .0 4 2 2 3 .7 1 7 5 4
5 1 3 .1 9 3 4 4 6 .8 5 5 3
6 1 2 .6 9 9 2 5 .2 0 3 8 4
7 6 .0 0 3 3 7 26 .7 0 3 1
8 5 .4 9 4 0 5 4 .3 3 0 6 6
9 5 .5 9 1 7 4 4 .0 0 8 5 8
10 3 .2 5 8 4 3 15 .8551
11 4 .0 6 6 8 4 3 .2 5 9 4 8
12 5 .9 3 4 6 9 41 .0 5 4 1
13 1 3 .8 7 7 9 3 .85811
14 6 .9 5 1 7 4 .4 3 5 5 2
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Appendix E
The table below gives the r and z  values o f the loop cross-section centres o f each 
coaxial loop making up the gull-wing coil presented in Section 7.8.
Loop r  location value (mm) z  location value (mm)
1 4.9 6.5
2 6.9 11
3 9.0 15.5
4 11.0 20.0
5 13.0 21.5
6 15.1 23.0
7 21.1 23.8
8 26.9 24.5
9 32.7 25.3
10 38.5 26.0
11 44.25 26.8
12 50.1 27.5
13 55.9 28.3
14 61.5 29.0
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Appendix F
The table below shows the resonant frequency and resonant frequency resistance and 
inductance values o f each size o f  gull-wing shaped coil size explained in Section 7.12 
as calculated by the FEM Module o f this work.
Size Factor 
Variable
Resonant Frequency 
Resistance (mQ)
Resonant Frequency 
Inductance (pH)
Resonant 
Frequency (kHz)
0.925 54 7.67 3.91
1.0 56 7.46 3.95
1.5 61 7.09 4.03
2.0 58 6.85 4.09
2.5 53 6.64 4.15
3.0 48 6.52 4.20
3.5 43 6.43 4.23
4.0 39 6.38 4.25
4.5 37 6.34 4.27
5.0 35 6.31 4.28
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